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ME-704 —CMTFE
Solution of Transport Equation

2:45 PM 3/36

Transport Equation-II

O Now we shall go towards solving Navier-Stokes(NS)
Equations

Q First we will look at the transport equation, which
is @ model equation for NS equations
T +ul =of,

Q If u = 0, the above classifies as parabolic
equation, which did not have any discontinuity in
space direction

Q If a =0, then it classifies as hyperbolic, which has a
strong directional bias

2:45 PM . 2/36
Transport Equation-I
O We have now seen how to handle Parabolic
Elliptic and Hyperbolic equations
O Hyperbolic equations are best solved by
forward marching MOC
Q However, MOC programming is tedious in
forward mode
O The backward marching is somewhat similar
to finite difference methods
O Many schemes exist, we saw only a few for
convection equation
2:45 PM 4/36

Transport Equation-III

Q Transport equation, though strictly will have no
discontinuity because of physical diffusion present,
can have a strong directional bias depending on
the relative strengths of diffusion and convection

Q This is characterised by Peclet Number given by

ul.  Convection

o  Diffusion

a We will begin with the linear transport equation
called the Burgers equation, where u and a are
constants
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Analytical Solution-I

The exact solution is given by:

(Px/L) _ 47ePx/2L) g s
¢! . 1 4me sinh(P /2) ¥ A,

e —1 f —1 m=1

T(x,t) = 100

e o]
+2melPx/2L) 3] Bn
m=1

where the Peclet (Reynolds) number is defined as

P =ul/a Peclet (Reynolds)number

6/36
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Burger’s Equation-1
T, +uTy =aTy — T(xt Porous
‘ #x ) material —
fe B 100
u=0lem/s and o=001cm?/s
T(0.0,t) =0.0 and T(1.0,t) = 100.0 C 01 u
—_
T(x,0.0) =100.0%, 0.0 <x <10 x=00 x=L=10
2:45 PM . . 7/36
Analytical Solution-II
Ap =(—1)" [%] sin[ “‘I"”‘] e ot
2
P 2 22 @ fm
ﬁm=[7 + (m7)? and )\m=:—a+¥= 1
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Analytical Solution-III

1017 o t= 0.0
+ t= 05 s
X t=25s

s0d{0O t= 508
o t=10.0 s
% te=lnlfs

Temperature T(x.t), C
8

Location x, o
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Analytical Solution-IV
i
2:45 PM 11/36
FTCS -1I
- Hirt's Stability a-+uAr>0 ="“3<; < o
2 2 2D

* Von-Neumann

- Definition of Cell Peclet (Reynolds) Number R =%

C?><2D :%sz = R<=

C’<2D<1

2

2
C
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FTCS -1
a_T ' — Tinﬂ -T a_T ' — T =T T ‘n _ T - 2T + T
o, At ox|.  2Ax | T ax

* Nodal Equation becomes
C
Ti”H =T" - E(T:rl T )+ DT, - 21" +T")

A At
where C€=2L D:O‘2
Ax Ax

+ Consistency Analysis

T +uT =aT, —%uzAtTn —(%MAXZ —uaAt+%u3At2) T. +HOT
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FTCS - 1II

» We look at increasing P for the problem

* C<1,R<2/Cin every case so as to not
violate stability

1071+ n= 1.te0ss @14+ ne 1.t-0854
X ne S.t=25s X n= S.te25s
o W, t= 5.0 O n= 10,t 508
{0 n= 20.t=100s 0{® n= 220,t-10.0
= ] 100, ¢ = 50.0 e % n= 100, £ =500 4
é dc= 0.1 en, dt=0S5s ‘E dxe 0.1 em dtw0S5s
5“ €= 0.08, d= 0.5 s“ c= 0.0, d= 0.5
H aiphe = 0.01 cans2/e H slphe = 0.01 cams2fa
} u=0.01 cu/s t U 0.02 enfs
T adre Cwo{r- e
R= 01 R=02
20 20
0

- 0
0.0 0.2 0.4 0.6 0.8 1.0

0.0 0.2 0.4 0.5 0.8 1.0
Location x, o

Location x, @
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» As P increases, the accuracy deteriorates, Still
predictions are OK

81 c- 050, d= 0.5
alpha = 0.0t easd/s
U= 0.10 ews

Temperature Tlx.t), C

Tespecature T(x,t). €

2:45 PM 14/36
FTCS -V

* At P = 20, the time step is too high to be accurate

* As R goes more than 2 there is a major problem

(]

Tomperature T(x.t), €
8
Teeperature T(x.t), €
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FTCS - VI
* AtP =20, R = 2/C, there was no stability issue

« AtP =50, R < 2/C, yet there appears to be a
unstable like situation, though stability is not
violated

« If we rewrite the nodal equation, we can
understand the issue

n+ n C n n n n n
T, lzTi _E(Tm_Ti—l)"'D(Tm_ZTi +T5)

=[p-Elrr, 201+ D+ i,
2 2

= D[l - I;jTifl -2DT" + D[l + Iijifl

* Note that the coefficient of the first term becomes
negative for R > 2

2:45 PM

FTCS - VII 1036

» This is called an overshoot problem

» This can be understood by considering a simple
example of weighted average

T=al, +(1-a)T,

» For the case of say T, =100 and T, = 150, we
can construct the following table

o T + Notice that the value of
0.5125 .

03135 weighted average exceeds the
0.1 145 two extremum values. Thus

0150 when we have negative

-0.1 155 weights, we will end up with
-0.3 165 unphysical solutions
-0.5175

11/5/2011



2:45 PM 17/36

First Order Upwind Scheme - |

a_Tn :Tﬂ__T a_Tn :ufor u>O,az_Tn :M
ot |; At ox|, Ax ox’ |, Ax?
* Nodal Equation becomes
"' =T"-C(T"-T")+D(T}! -2T" +T")
7" =DT! +(1-C-2D)T" +(C + D)T,”,
» Consistency Analysis gives
T +uT, = of,, +(0.5uAx—0.5u°At) T, + HOT Consistent
=afl, —0.5u’AtT,, +(0.5uAx) T, + HOT
Same as that of FTCS  Additional
2:45 PM 19/36

It may be observed that as C+2D <1, there is no
negative coefficients and hence no overshoot
problem for R > 2.

» Thus the method is first order accurate in space
and time, is diffusive except for C = 1, consistent
and conditionally stable.

* Many of the CFD works on analysis of
Convection and Diffusion in large engineering
systems use this method, in spite of its
limitations.

2:45 PM 18/36
First Order Upwind Scheme - Il
O e = 0 —0.5u” At +0.5uAx
— 0.5 MALAY | 0 5 A
Ax o a
=a(1-0.5CR+0.5R)
=a(1+0.5R(1-C))
* For C =1, the numerical diffusion is equal to
physical diffusion, where as for large R, with
C<1, the numerical diffusion is large
* Von-Neumann (Cc?*<c+2D<1
2:45 PM 20/36
First Order Upwind
ol §
i U= 0.10 en/e ;

Pe 10

0.8 0.8 1.0
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Second Order Upwind Scheme -I

* One interesting way of eliminating the extra
diffusion by using the third order backward
difference for the convective term and central
difference for the diffusive. This scheme is
called the Leonard Scheme

aT|" _ TinH _Tin o7 ’ _ 27‘[21 + 3Tin _6Tifl + T;fz 1

— — -—T, .AX

ot |, At ox |, 6Ax 12
e1 oy for =0
ox’ |, Ax’

2:45 PM 22/36
Second Order Upwind Scheme -l

» The finite difference form of the transport
equation may be written as

i

T =17~ T, 43T —6T2, +T2 )+ DT, ~217 +72,)
» Consistency Analysis gives

1
T +uT,=aT, —0.5u”AtT,, +(uaAt—§u3AtZJTm +HOT

» This implies that we can turn off numerical
diffusion by decreasing At to a sufficiently small
value

* Method is O(At, Ax?)

“Second Order Upwind Scheme -Ii°

* Von-Neumann
G=1-0.5C-2D+ (§C+2D)C0s6’—éC0s26’

+1(~£CSin 6 +1CSin26)

» The expression is messy, but condition for stability
can be obtained graphically. Will be shown at the
end of the lecture

» The method cannot be applied for the second

node and a first order method may have to be
invoked.

« Suffers from an overshoot problem at high R

T =(D-<)r, +(1-2D =S +(C+ D)T, - <T"

3 /5 i+l i-2

2:45 PM 24/36
Second Order Upwind

Pe LR=0.1, ¢c= .05, d= 0.25
P= 2R=02.c=0.08 d= 0.2
P= 5 R=05,ce 125, d= 0.25
P 10, R=1.0,c= 0.25 d= 0.5
Pe20,Rw20.c 05, d= 0.5
P= 50, R=50 c= 050, d=0.10

]
3
o
x5 00 X +

de 0.1 cm dt=0.2 s
c= 0.2 d= 0.5
slpha = 0.01 caws2/e

w04 cn, dt=0.35 s
ne 200 staps, t= 508

Tesparaturs T(x.t), C
3
Temperaturs T(x.t). €
2

u=0.10 /e
wd P=10 %
R« 1.0
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MacCormack Scheme-|

* Both Lax and Lax-Wendroff Schemes are
unconditionally unstable for transport equation

* However, MacCormack Scheme is extremely
good to turn off numerical diffusion

+ |t also has the higher stability limits in
comparison with other methods

» We will look at the basis for the scheme

* It has two steps, but utilises explicit methods for
both predictor and corrector steps

» The predictor step uses a forward difference for

the convective term and central difference for
diffusion term

2:45 PM 26/36

MacCormack Scheme-l|

» Predictor Scheme

n

oT|" T -T" oT

T T =T o) T4 -T" for y50,9°T| _ T =21 +T,
ot |; At ox

Ax ox’ . Ax?

* Nodal Equation becomes
f‘nﬂ =T"-C(T}, -T")+ D(T;, - 2T+ T.)
T,""' = DT,", + (1+C - 2D)T" + (-C + D)T,",

» The corrector step uses the same concept, but

takes these terms to be an average of the
values at n and n+1 level

2:45 PM 27/36

MacCormack Scheme-ll|

« Corrector Scheme

N
=0.5 +0.5
Ax Ax

oT
ot

2 : Tin+1 _]—;n aT

+1
for u>0,

. A dx

i

PI[_ o T2+ | Tt 0™ + T
axz i - sz sz

* Nodal Equation becomes
T;n+1:]—;n_%(]-;n Tn+]_-vin+1_]_-vi_t;+l)+%(Tn '2]-;H+T;Z)

+1 4 i+]

+%(]_-;f;-l _2]_-;n+1 +]_-vi_t;+1)

2:45 PM 28/36
MacCormack Scheme-IV
T =T - (T, - T + T - T )+ 3( T, - 21 + T )

+%(]_-vn+1 _2]_-;n+1 +]_-vi_1;+1)

i+l

+ By using the predictor equation for each of the
predicted term in the above equation, we can write,

T’ = AT, + BT/, +CT"+D'T! +ET/,
Where, A'= 0.5 CD+0.5D?, B'= 0.5C+D-CD+0.5C?-2D?,
C’ =1-2D-C?+3D?, D" = -0.5C+D+CD+0.5C?-2D?,
E" =-0.5CD+0.5D?

11/5/2011



2:45 PM 29/36

MacCormack Scheme-V

+ Consistency Analysis gives Consistent

T +uT,=af, —é(qu2 —WA) T, +
(L oAY> —LuPAA — L au® A +1uAP) T, + HOT

* Method is

» Less diffusive as leading diffusion term is of
fourth order

» Conditionally Stable for about C <0.85, D <0.5.
The exact stability bound is given later after Von

O(At*,Ax?)

Numann expression is given in next slide

2:45 PM 30/36

MacCormack Scheme-VI

* Von-Neumann

G=C"+(B"+D")Cos8+ (A" +E)Cos26
+1((D" = B")Sin6+(E" - A")Sin26)

0.7 Unstable

a4
o
A

0.3F

Diffusion number D
=)
Y

0.2

Convection number C

2:45 PM ] 31/36
Backward-Time Centered-Space
Method - |
or[™ _Tm -1 AT T - 1" _my-ar 4T

i+l i i

sz

arl, A,

2Ax ox” .

* Nodal Equation becomes

i+1 i+1

n+ n C n+ n+ n+ n+ n+
0= +3(T- =T -D@ - 2T T =0

= [9— D]T,L“ +(1+2D)T —(9+ DjT,fr' 1
2 2

i

+ Can Solve by TDMA

“*"Backward-Time Centered-Space **/*

Method - II

» Consistency Analysis gives
T +ul, = (0{+%u2AtJTM —(uaAt+équ2 +%u3At2j T +HOT

Diffusive Dispersive

Method is O(At,Ax?)
1
1+2D(1—cos 8)+ ICSin 6

Von Neumann analysis G =

» Unconditionally stable

Suffers from Overshoot problem at High R
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“*"Backward-Time Centered-Space *”*

Method - Il

4+ ne 1,t=05s
X ne S.t-25s
M n= 10,t= S08
® ne 20.t-10.04
M one 100, t=50.0 8

&= 0.1 e dt =058

Teaperaturs Tix,t), €
3

2:45 PM

oT
ot

i

5

n+0.5

* Nodal Equation becomes

C

2

__Dan+l _2(1+D)Tvln+l _(

_(Q_D
2

Crank Nicholson Method - |

34/36

_ o.s(T"” R J

2Ax 2Ax

~ 77”1 —T;n a_Tn+0.5
Y, ox |,
o
ox* |

i+1

sz

B AP n+ n+ n n n
:O,S(Tml—zz g 1 +TM—2A§2+THJ

]T:l +2(1- D)1’ + (§+ DJTL
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Crank Nicholson Method - Il

» Consistency Analysis gives
T +uT. = ()T, —& uAx’ +éu3At2j T. +HOT

Dispersive

Method is O(Af*,Ax?)

— — —J7E€ Q7
Von Neumann analysis G = . D(1-cos 6)-1 Sin6
1+ D(1—cos @)+ 15 Sin6

» Unconditionally stable

Suffers from Overshoot problem at High R

2:45 PM

Teapersturs T(x,t), €
k-

¢= 050, d= 0.50
alpha = 0.01 cnws2/s
u = 0.10 en/s

Pe 0

Crank Nicholson Method - 1lI

0.2 0.4 0.8 o8 1.0
Location x, ca

Temperature Tx.t), C
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