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Abstra
tIn this thesis, we undertake the study of steering a
tion of four-wheel automobiles with front-wheels steering. We explore the possibilities of improvement in handling behavior of an automobilegiven the freedom to steer the front two wheels independent of ea
h other. As 
ompared to the
onventional steering system where there is only a single steering input, independent steering systemprovides an opportunity to have two 
ontrol inputs in the form of steering angles. This 
on
ept hasalso be
ome pra
ti
ally realizable due to the advent of te
hnologies like steer-by-wire.In order to study the e�e
ts of independent steering, we develop a 3 degree-of-freedom model ofa vehi
le in whi
h we 
onsider the freedom of yaw, side-slip and roll. For this, we derive equations ofmotion of a vehi
le based on the �rst prin
iples and develop a linearized model based on them. Weidentify situations that impose parti
ular requirements on vehi
le response and �nd that it wouldbe highly bene�
ial if we 
an 
ontrol the yaw rate and lateral velo
ity of a vehi
le independently.Hen
e, we devise method to a
hieve the above obje
tive.We devise a de
oupling 
ontrol strategy su
h that the overall plant get de
omposed into twoseperate single-input single-output loops. Subsequently, we design a 
ontroller based on the modelobtained for a sample prototype 
ar whi
h 
an independently 
ontrol the yaw rate and lateralvelo
ity of a vehi
le. We perform simulation of this system by taking the example of external for
eand moment disturban
e a
ting on the vehi
le due to 
ross-wind in whi
h we aim to attenuate itse�e
ts on the yaw rate without 
hanging its e�e
t on the lateral velo
ity. We observe that the 
hangein yaw rate due to disturban
e is 
ompletely abated with zero steady-state error and at the sametime there is no 
hange in the lateral velo
ity response of the vehi
le.



A
knowledgementsI take this opportunity to thank my guide, `Shashi' as he is known as, for giving me 
ompletefreedom for working in the fashion i wanted to and also at the same time, always providing with theguidan
e and 
lues whenever approa
hed for the same. He made himself available at any point oftime in the day whenever he was approa
hed with some task.I also thank my friends, Raj, Vikalp and espe
ially Amit for providing me enough help wheneveri used to get stu
k up with Matlab or with some `Controls' fundas!Finally, gratitude should go to my family, espe
ially my brother, sin
e its due to their supportthat i 
ould pursue my a
ademi
 endeavours.



Contents
1 Introdu
tion 11.1 Problem Statement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11.2 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21.3 Methodology and Main Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21.4 Contribution of the Thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31.5 Organization of the report . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 Preliminaries 52.1 Steering Kinemati
s . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52.1.1 Vehi
le Axis System . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52.1.2 Fundamentals of Steering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62.1.3 Conventional and Independent Steering Me
hanisms . . . . . . . . . . . . . . 72.2 Tire Dynami
s . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82.3 Vehi
le Handling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92.3.1 Handling Criteria . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92.3.2 Handling Metri
s . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102.4 Vehi
le Control Loop . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102.5 Stability of a Vehi
le . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113 Mathemati
al Modeling of Vehi
le Dynami
s 123.1 Modeling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123.1.1 A Four-Wheel Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123.1.2 Steady-State Behavior . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153.1.3 Transient Behavior . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16ii



3.2 Steady-State and Dynami
 Response of the vehi
le model . . . . . . . . . . . . . . . 173.2.1 Steady-State Response and Observations . . . . . . . . . . . . . . . . . . . . . 173.2.1.1 Variation of front wheel angles with steering angle . . . . . . . . . . 173.2.1.2 Comparison of steady-state response of a Four-wheel model and aBi
y
le model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 183.2.1.3 Variation of steady-state response with steering angle and forwardvelo
ity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193.2.2 Transient Response and Observations . . . . . . . . . . . . . . . . . . . . . . 213.2.2.1 Transient Response 
hara
teristi
s of Linear Model . . . . . . . . . . 213.2.2.2 Variation of Transient Response 
hara
teristi
s with vehi
le properties 234 Controller Development 244.1 Control Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 244.2 De
oupling Control . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 254.3 Design of a de
oupling 
ontroller for the 3 d-o-f model . . . . . . . . . . . . . . . . . 275 Simulation Results 306 Con
lusion and Future Work 36Referen
es 38Appendi
es 39A Derivation of Equations of Motion and 
oe�
ients used 39A.1 Coe�
ients . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39A.2 Derivation of the equations of motion . . . . . . . . . . . . . . . . . . . . . . . . . . . 40B Vehi
le parameters and transient model obtained for the prototype small 
ar 43B.1 Vehi
le Parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43B.2 Transient Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
iii



List of Figures
2.1 Vehi
le Axis System [3℄ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52.2 Vehi
le Side-Slip . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62.3 A
kerman Geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62.4 Conventonal Ra
k and Pinnion Arrangement [3℄ . . . . . . . . . . . . . . . . . . . . . 72.5 Independent A
tuation System . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82.6 Tire Slip . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82.7 Linear Tire Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92.8 Vehi
le 
ontrol loop without 
ontroller . . . . . . . . . . . . . . . . . . . . . . . . . . 102.9 Vehi
le 
ontrol loop with 
ontroller . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113.1 Four-Wheel Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133.2 Linearization pro
edure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153.3 Transient Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153.4 Variation of front wheels angles with referen
e steering angle (A
kerman Model) . . . 173.5 Four-wheel model vs Bi
y
le model: Side-slip . . . . . . . . . . . . . . . . . . . . . . 183.6 Four-wheel model vs Bi
y
le model: Yaw Rate . . . . . . . . . . . . . . . . . . . . . 183.7 Four-wheel model vs Bi
y
le model: Roll angle . . . . . . . . . . . . . . . . . . . . . 193.8 Steady-state Sideslip values for di�erent steering angles . . . . . . . . . . . . . . . . . 193.9 Steady-state Yaw Rate values for di�erent steering angles . . . . . . . . . . . . . . . 203.10 Steady-state Roll Angle values for di�erent steering angles . . . . . . . . . . . . . . . 203.11 Lateral velo
ity response for step steer-angle input . . . . . . . . . . . . . . . . . . . 213.12 Yaw velo
ity response for step steer-angle input . . . . . . . . . . . . . . . . . . . . . 223.13 Roll angle response for step steer-angle input . . . . . . . . . . . . . . . . . . . . . . 223.14 E�e
t of Roll sti�ness on Roll Angle response of a vehi
le . . . . . . . . . . . . . . . 23iv



4.1 De
oupling Control Network [8℄ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 264.2 A
tual Plant . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 274.3 Overall plant with two SISO loops . . . . . . . . . . . . . . . . . . . . . . . . . . . . 285.1 Simulink Control Blo
k . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 315.2 Variation of Yaw Velo
ity with time . . . . . . . . . . . . . . . . . . . . . . . . . . . 325.3 Variation of Lateral Velo
ity with time . . . . . . . . . . . . . . . . . . . . . . . . . . 335.4 Variation of Roll Angle with time . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 335.5 Variation of inside front wheel angle with time . . . . . . . . . . . . . . . . . . . . . 345.6 Variation of outside front wheel angle with time . . . . . . . . . . . . . . . . . . . . . 34A.1 Four-Wheel Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

v



List of Tables
5.1 Magnitude of external disturban
es a
ting on the 
ar . . . . . . . . . . . . . . . . . . 305.2 Response 
urves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

vi



List of Symbols
a Distan
e of CG of a vehi
le from front axle
b Distan
e of CG of a vehi
le from rear axle
p Distan
e of CG of a vehi
le from outside wheels
q Distan
e of CG of a vehi
le from inside wheels
U Forward velo
ity of a vehi
le
V Lateral velo
ity of a vehi
le
Cf Coe�
ient of slip of the front tires
Cr Coe�
ient of slip of the rear tires
R, r Yaw velo
ity of a vehi
le about verti
al axis
Rd Radius of turn of a vehi
le
M Total Mass of a vehi
le
Ms Sprung mass of a vehi
le
Iz Moment of inertia of a vehi
le about z axis
Ix Moment of inertia of a vehi
le about x axis
P Produ
t of moment of inertia of a vehi
le about z and x axis
CG Centre of gravity of a vehi
le
YD External for
e disturban
e
ND External moment disturban
e
Lif Roll sti�ness at front roll 
entre
Lir Roll sti�ness at rear roll 
entre
Lpf Roll damping at front roll 
entre
Lpr Roll damping at rear roll 
entre
G Transfer Fun
tion vii



Ef Roll steer at front wheels
Er Roll steer at rear wheels
Aαf Self-aligning moment at front wheels
Aαr Self-aligning moment at rear wheels
Yff Lateral for
e due to 
amber at front wheels
Yfr Lateral for
e due to 
amber at rear wheels
δh Steering Hand-wheel angle
δs Referen
e steering angle at the 
entre of the front axle
δ1 Steering wheel angle of the inside wheel during a turn
δ2 Steering wheel angle of the outside wheel during a turn
αf Tire slip angle at the front wheels
αr Tire slip angle at the rear wheels
φ Roll angle of a vehi
le about longitudinal axis
β Side-slip angle of a vehi
le

viii



Chapter 1
Introdu
tion
1.1 Problem StatementThis proje
t fo
uses on the study of steering operation of four-wheeled, front steered automobiles.The steering system of a vehi
le provides a means to 
hange its dire
tion during its operation. In
onventional vehi
les, the driver turns the hand-wheel whose motion is transmitted to the frontwheels by me
hani
al means and steering is a�e
ted by turning of front wheels. In independentlysteered vehi
les, the me
hani
al linkages between the hand-wheel and the front two wheels areremoved and the wheels are turned independent of ea
h other by, say, ele
trome
hani
al means.This method has also be
ome pra
ti
ally realizable with the advent of te
hnologies like steer-by-wire [1℄. The purpose of this proje
t is to study e�e
ts of su
h independent a
tion of front wheelson the dynami
s of a vehi
le and to investigate the possible improvements, if any, in its handlingbehavior. The term `Handling' refers to the ease of 
ontrolling the dire
tion of a vehi
le from driver'spoint of view.The steering sub-system takes input from the driver and gives dire
tion to a moving vehi
le. Ithas to do this in a fashion that the resulting out
ome (vehi
le response) is a

eptable to the driverand the external environment (other people on the road). The goal of any steering system shouldbe to satisfy driver demand as well as take 
are of any un
ertainties arising from with-in the vehi
leand external environment (road and wind intera
tion). The response of a vehi
le depends on itsown dynami
s and the dynami
s of the steering system. It will depend on the way the front wheelsare turned, i.e. the amount and rate at whi
h wheels are turned. Therefore, it is required of the1



steering system to a
tuate the front wheels in su
h a manner that the desired out
ome (vehi
leresponse) is a
hieved. The problem at hand is �rst to identify and quantify the desirable responseof the vehi
le under various 
onditions and then devise ways to 
ontrol the steering inputs su
h thatthe desired response is obtained. Our problem 
an be stated as follows: "Given the driver input,vehi
le parameters like its mass, inertial and geometri
 properties, tire 
hara
teristi
s, and externaldisturban
es on the vehi
le from road and wind, develop 
ontrol strategies to 
ontrol the front twowheels' steer angles in order to obtain a spe
i�ed dynami
 response 
hara
teristi
s of the vehi
le."1.2 MotivationIn a general driving s
enario, the driver has to regularly provide inputs to the steering-system. Apartfrom the spatial response of a vehi
le, the driver has to do this in order to 
ounter the e�e
ts ofdisturban
es from external world like road irregularities and wind �ow whi
h try to deviate thevehi
le from its normal behavior. These disturban
es 
ome as a surprise to the driver and moreover,the driver 
an make things worse by over-rea
ting or re-
orre
ting them. It is desirable therefore thatthe steering-system by itself take 
are of these disturban
es so that the driver remains 
on
ernedonly with the nominal response of the vehi
le. Se
ondly, 
ertain 
hara
teristi
s in vehi
le responseare 
onsidered to be parti
ularly desirable. For example, it is desirable to have a zero or smallside-slip angle for better 
ontrol of a vehi
le. It is desired to have small roll angle for the sakeof passenger 
omfort as well as safety against vehi
le roll-over (over-turning) as it 
auses lateralshift in the CG. The a
hievement of above obje
tives 
an have signi�
ant impa
t on the handlingquality of an automobile from both driver 
omfort and vehi
le-safety point of view. Moreover, thete
hnology of independent a
tuation of front wheels by ele
tro-me
hani
al means do not impose anylimitations on the magnitude and rate at whi
h thay 
an be a
tuated. This also makes the problemsuitable for 
ontrol-oriented study. The goal to a
hieve the above stated obje
tives provide us withthe motivation to 
arry out an attempt to investigate the means by whi
h it 
an be done.1.3 Methodology and Main ResultsIn order to solve the above problem, the following tasks are 
arried out:1. The study of the dynami
 and motion 
hara
teristi
s of a vehi
le and development of steady-2



state and transient models of a vehi
le suitable for our appli
ation.2. Identi�
ation of the handling 
riteria and performan
e metri
s for the evaluation of the re-sponse 
hara
teristi
s of a vehi
le.3. Development of a 
ontrol strategy and synthesis of 
ontroller for suitably 
ontrolling the vari-ables of interest in vehi
le's dynami
 response.4. Performing simulation studies in order to improve and evaluate the performan
e of the 
on-troller.The aim is here is to show in prin
iple that it is possible to have a desired 
ontrol over dynami
response variables of a vehi
le. Our simulation results show that it is possible to 
ontrol the yawrate and lateral velo
ity of a vehi
le separately. Therefore, in 
ase of vehi
le subje
ted to externaldisturban
es like external moment or for
e, it is possible to attenuate its e�e
ts on the yaw responseof a vehi
le without a�e
ting its side-slip behavior. It is also observed that it is possible to redu
e theside-slip angle of the vehi
le without a�e
ting its yaw response. The 
ontroller seems to work wellwith parametri
 un
ertainties su
h as vehi
le mass and forward velo
ity up to 
onsiderable extent.1.4 Contribution of the Thesis1. We have introdu
ed a relatively new 
on
ept of independent steering system in a vehi
le andshown in prin
iple that its appli
ation 
an deliver signi�
ant bene�ts in terms of improvingvehi
le handling qualities. We have also introdu
ed a method of 
ontrolling the 
hosen twometri
s of vehi
le response through two steering inputs by means of a multivariable 
ontrollerthat 
an de
ouple the two variables. This also opens up a resear
h area for further investigationinto the relationship between pair of variables of motion and the e�e
t of their manipulationon the overall improvement in vehi
le response quality.2. In preliminaries se
tion, we have summarized fundamental aspe
ts related to the lateral dy-nami
s of a vehi
le. It 
an provide a good insight into the subje
t of vehi
le dynami
s fora beginner. In this thesis, we have derived the equations of motion whi
h govern vehi
le'sdynami
 behavior, developed a mathemati
al model based on that, and �nally designed a3




ontroller for the model. This material 
an provide a good ba
kground or a base for a personwho wants to work further in the same area.1.5 Organization of the reportThe report is organized as follows: All the preliminary information required to understand the workin this report is presented in the Chapter 2. This in
ludes the working of the steering systems andthe elements of the vehi
le dynami
s. It also brings out the main di�eren
es in the 
onventionaland independent steering systems. Chapter 3 is devoted to development of a mathemati
al modelof a vehi
le. A set of vehi
le response graphs are also in
luded in this 
hapter. Our main problemof developing a 
ontrol strategy and subsequent 
ontroller design for 
ontrolling vehi
le motionvariables is in
luded in Chapter 4. The simulation results for our 
hoosen problem and 
orrespondingobservations are in
luded in the Chapter 5. Finally, the 
on
lusion and future work in the area islisted in the last 
hapter.

4



Chapter 2
Preliminaries
2.1 Steering Kinemati
s2.1.1 Vehi
le Axis SystemAs seen in the Figure 2.1 [3℄, we assume the origin of a 
o-ordinate axis system to be lo
ated at the
entre of gravity (CG)of the vehi
le. The longitudinal axis points in the dire
tion of the forwardvelo
ity. The rotation around the verti
al axis is known as "yaw" while that around the longitudinalaxis is known as "roll". If we de�ne the ratio of lateral velo
ity to forward velo
ity at the CG as"side-slip angle", the motion of a vehi
le in a plane 
an be 
ompletely de�ned by the forward velo
ity,yaw rate and side-slip angle of the vehi
le. It is also useful to note here that in most of the modernfront-engined 
ars, CG may lie very 
lose to driver's lo
ation along the longitudinal dire
tion.

Figure 2.1: Vehi
le Axis System [3℄
5



Figure 2.2: Vehi
le Side-Slip2.1.2 Fundamentals of SteeringIf a vehi
le has to negotiate a turn without slip at any of its wheels, it is required that all wheelshave a pure rolling motion. This is possible if all wheels turn about a 
ommon 
entre. For this
ondition to o

ur, the ideal turning angles (δo(δ2), δi(δ1)) 
an be obtained from the geometry ofturn. The term `A
kerman Geometry' is often used to denote the geometry of the front wheels thatresult in the kinemati
 
ondition showed in Figure 2.3 (A
kerman Model).

Figure 2.3: A
kerman GeometryHere, δs is the referen
e steering angle at the 
entre of front axle that 
omes from the driverinput. If δh is the steering hand-wheel angle and i is the steering ratio, then,6



We have,
δs = δh/i (2.1)

δs ≈ (L/Rd) (2.2)
δ1 ≈

(

L

Rd − t/2

) (2.3)
δ2 ≈

(

L

Rd + t/2

) (2.4)2.1.3 Conventional and Independent Steering Me
hanismsIn a 
onventional steering me
hanism, oftentimes, the motion of the hand-wheel is transmittedto a gear box whi
h 
ontains a pinnion and a ra
k to 
onvert the rotary motion into translatorymotion. This translatory motion is then transmitted to the wheels through me
hani
al linkages.The kinemati
s of the steering gear are su
h that the A
kerman geometry is 
losely retained by thevehi
le during turning (Refer �gure 2.4 [3℄).
Figure 2.4: Conventonal Ra
k and Pinnion Arrangement [3℄In independent steering systems, an a
tuator is mounted near the front wheel, typi
ally anele
tro-me
hani
al one su
h as an ele
tri
 motor driving a ball s
rew-nut arrangement, whose trans-latory motion is transmitted to the wheel by linkages. This arrangement is made available for ea
hof the wheels. Refer Figure 2.5.

7



Figure 2.5: Independent A
tuation System2.2 Tire Dynami
sIt is through the medium of tires that a vehi
le experien
e for
es and is steered, driven and supported.The pneumati
 tire is an elasti
 body and hen
e generates for
es and moments when in motion.Consider that a tire in motion is 
onstrained to move in a dire
tion at an angle (α) to its heading.This angle is known as the `slip angle'. This 
auses a lateral distortion of the treads in 
onta
twith the ground and produ
es a for
e in the lateral dire
tion whi
h is known as the `Corneringfor
e' (Figure 2.6). It has been shown that this for
e may be assumed to be proportional to the slipangle [3℄.

Figure 2.6: Tire Slip
Fy = Cα × α (2.5)As the 
ornering for
e a
ts unequally along the length of the tire-road 
onta
t area and is more8



Figure 2.7: Linear Tire Modelnear the rear end, the resultant of the for
e passes through the point at a 
ertain distan
e behindthe 
entre of 
onta
t area. This situation gives rise to a moment around the wheel turning axiswhi
h is 
alled as `Self-Aligning' moment sin
e it tries to redu
e the slip angle.2.3 Vehi
le Handling2.3.1 Handling CriteriaThe need to improve vehi
le handling arises from the following requirements:1. Driver 
omfort: It pertains to the performan
e of vehi
le steering system to provide overall
omfort and ease of operation to the driver.2. Safety: This translates to in
reased probability of the vehi
le to remain stable and under the
ontrol of the driver under di�erent manuvering 
onditions.In order to quantify the requirements of good handling, it is ne
essary to de�ne 
ertain measur-able quantities or metri
s on the basis on whi
h vehi
le's handling performan
e 
an be evaluated.The question of whi
h metri
s are important has in itself attra
ted a lot of attention in the past [4℄.Evaluation of vehi
le dynami
 behavior 
an be 
arried out by predi
ting the response throughmodeling and simulation during vehi
le development stage or assessment of a
tual vehi
le throughvehi
le testing and experimentation.
9



2.3.2 Handling Metri
sThe handling metri
s that are 
onsidered in this work are the following steady-state values andtransient response 
hara
teristi
s of variables of motion:1. Steady-state values of lateral velo
ity and lateral a

eleration of a vehi
le for the given forwardvelo
ity and steering input along with the time to a
hieve them.2. Steady-state yaw velo
ity and time to a
hieve it.3. Vehi
le side-slip angle for given yaw rate. Vehi
le side-slip should be as small as possible.4. Roll angle for the given forward velo
ity and steering input. Roll angles should be as small aspossible.5. Amount of os
illations in the yaw velo
ity and roll angle response and maximum overshoot forstep steering input.2.4 Vehi
le Control Loop

Figure 2.8: Vehi
le 
ontrol loop without 
ontrollerIn any driving situation, the driver guides the vehi
le through a 
ourse pre-de
ided by him.This de
ision of driver is based on the his needs and the road 
onditions ahead of him. Apartfrom the driver inputs, the vehi
le is subje
ted to external disturban
es and responds in a fashiondepending upon its own dynami
s. His de
ision may be 
onsidered as being based on utilizingfeedba
k information about the a
tual traje
tory of the vehi
le (Figure 2.8).10



Figure 2.9: Vehi
le 
ontrol loop with 
ontrollerIn the 
ase of a vehi
le with say, an independent steering 
ontroller (Figure 2.9), the inputs of thedriver are interpreted by the 
ontroller and a desired steering a
tion is 
ommuni
ated to the frontwheel a
tuators. Thus the 
ontroller is responsible for the task of mat
hing the vehi
le responseto the driver's requirements. It is useful to note that there is only one 
ommanding input that
omes from the driver in the form of steering hand-wheel angle whi
h has to be interpreted by the
ontroller.2.5 Stability of a Vehi
leOne of the important 
onsiderations from the point of view of vehi
le stability is the amount of slip-angles generated at the front wheels and the rear wheels. The amount of slip angles go on in
reasingwith the amount of lateral a

eleration required. With the in
rease in slip-angles, the 
orrespondinglateral for
es in
rease untill a point is rea
hed where the lateral for
e ex
eeds the limiting fri
tionalfor
e at the tire-ground 
onta
t and the vehi
le skids. This may o

ur �rst at the front or the rearwheels depending on whi
h has more slip-angles. As the slip-angle at the front wheel is in dire
t
ontrol by means of the steering angle whereas the slip-angle at the rear is not, it is desirable to havemore slip-angles at the front. This 
ondition is known as under-steer. Under-steer is dependent onthe slip-angle 
oe�
ients of the front and rear tires and longitudinal position of the 
entre of gravity(CG) of a vehi
le.
11



Chapter 3
Mathemati
al Modeling of Vehi
leDynami
s
In this 
hapter, we des
ribe mathemati
al models des
ribing the vehi
le lateral dynami
s. For thepurposes of 
ontroller design, we fo
us on a 3 degree-of-freedom model with freedoms of yaw, side-slipand roll.3.1 ModelingConventionally, vehi
le lateral dynami
 behavior has been modeled with the help of a two-wheelmodel known as the `Bi
y
le Model'. In this model, the front and rear axles are represented by anequivalent single wheel at the 
entres of the axles [5℄. In developing su
h models, the prin
iple ofbody �xed inertial 
o-ordinate system is used whose origin is assumed to be lo
ated at the 
entre ofgravity. In our 
ase, it is ne
essary to develop model that 
an a

omadate the 
onditon of seperatesteering input to the front two wheels. Therefore, we fo
us on a four-wheel model for our study inthis thesis.3.1.1 A Four-Wheel ModelConsider a Four-Wheel model as shown in the Figure 3.1. The total lateral for
e generated is equalto the sum of the lateral for
es a
ting on all the four wheels. Moreover, ea
h wheel may have adi�erent slip-angle. 12



We make the following assumptions in developing the model,1. Forward velo
ity of vehi
le remains 
onstant2. No for
es a
t on the tires due to tra
tion3. Steering angles are small4. Slip angles remain small5. Vehi
le tra
k-width is small as 
ompared to the radius of turn6. Road surfa
e is smooth, i.e. no external for
es or moments a
t on the tires due to roadirregularities

Figure 3.1: Four-Wheel ModelThe following degrees-of-freedom are 
onsidered,1. Motion of a vehi
le in the lateral dire
tion whi
h 
auses vehi
le side-slip (Side-slip freedom)13



2. Motion of a vehi
le around the verti
al axis (Yaw freedom)3. Motion of a vehi
le around longitudinal axis (Roll freedom)Applying Newton's Se
ond law one by one along lateral axis, about verti
al axis, and aboutlongitudinal axis, we get a set of 
orresponding three dynami
ally 
oupled equations as below,
m

(

V̇ + Ur
)

+ Mshφ̇ = Ybβ + Yrr + Yd (δ1 + δ2) (3.1)
Iz ṙ−Pφ̈ = Nββ +Nrr+Nφφ+Nδδ1 +Nδδ2 +Ngβδ1−Nhβδ2 +Nqrδ1−Nprδ2−Ngδ

2

1 +Nhδ2

2 (3.2)
Ixφ̈ − P ṙ + MshV̇ + MshUr = Lφφ + Lpφ̇ (3.3)The above equations are known as the "equations of motion". In the above equations, we haveused 
ertain 
oe�
ients for the sake of simpli�
ation [5℄. These 
oe�
ients are de�ned and listed inAppendix A. The detailed derivations of the equations of motion 
an also be found in Appendix A.From the equations of motion, we observe that our model is a fourth order system. We de�nethe following state variables:
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(3.4)
As seen above, the dynami
 equations that des
ribe the model are non-linear in nature. For thepurposes of 
ontroller design, it is often useful to work with linear des
riptions of dynami
s. Wetherefore build a linearized model as follows, As seen from the Figure 3.2, the front wheels steeringangles are the input to a set of non-linear steady-state equations whi
h are used to determinethe steady-state values of the motion variables. This steady-state of a vehi
le is 
onsidered as anoperating point for linearizing the equations and 
onstru
ting the transient model of a vehi
le. Thispro
edure has been des
ribed in the next se
tions.Figure 3.3 shows the blo
k diagram of the transient model from input-output perspe
tive. Theinputs to the model are the 
hange in front wheels steering angles and disturban
e inputs of externalfor
e and external moment. The outputs are the 
hange in yaw rate, lateral velo
ity and roll angle.14



Figure 3.2: Linearization pro
edure
Figure 3.3: Transient Model3.1.2 Steady-State BehaviorThe steady-state equations of a vehi
le are obtained by substituting all the time-derivative terms inthe equations of motion as zero.

ṙ = V̇ = φ̇ = φ̈ = 0 (3.5)We get,
mUr = Ybβ + Yrr + Yd (δ1 + δ2) (3.6)

0 = Nββ + Nrr + Nφφ + Nδδ1 + Nδδ2 + Ngβδ1 − Nhβδ2 + Nqrδ1 − Nprδ2 − Ngδ
2

1 + Nhδ2

2 (3.7)
MshUr = Lφ (3.8)15



By seperating the variables and rearranging, the above equations 
an be written in the ve
tormatrix form. Consider the matrix equation shown below,
[X][K] = [Z]Here, [Z℄ is the input ve
tor and [K℄ is the output ve
tor. The input to the steady-state modelare the steer-angles of the inside and outside front wheels obtained from the A
kerman model.
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(3.9)By solving the above equation, we 
an obtain the steady-state values of the variables. Thus, theoutput of the non-linear model is the steady-state values of the Side-slip angle, β, Yaw rate, r, andRoll angle, φ.3.1.3 Transient BehaviorThe transient model of a vehi
le is 
onstru
ted by linearizing the dynami
 equtions of the vehi
le(Equations 3.1 to 3.3) about the steady-state operating 
ondition. Thus, the linearizing parametersin our model are the steady-state values of the steering angles, δ1 and δ2, and the 
orrespondingoutput variables, β, r and φ. These values are obtained from the non-linear steady-state equationsof the vehi
le des
ribed above. Four inputs have been 
onsidered in the 
ase of transient model, twoof whi
h are the 
hange in steering wheel angles about the operating point and remaining two arethose of external for
e and external moment a
ting on the vehi
le due to enviormental disturban
es.We obtain transfer fun
tions for ea
h input-output pair. Des
ribing the model in this form alsomakes it suitable from the point of view of 
ontroller synthesis. Thus we have a set of twelve transerfun
tions 
orresponding to four inputs and three outputs. The Transfer Matrix for the model 
anbe written in the following way,
16
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(3.10)
3.2 Steady-State and Dynami
 Response of the vehi
le modelWe simulate the response of the vehi
le model for a small 
ar [5℄. The values of parameters of the
ar are listed in the Appendix B. The transient model obtained for this 
ar is also in
luded in theAppendix B.3.2.1 Steady-State Response and Observations3.2.1.1 Variation of front wheel angles with steering angleFigure 3.4 shows the variation of inside and outside wheel angles, δ1 and δ2 with the 
hange in thereferen
e steering angle, δs a

ording to the A
kerman geometry (model).
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Figure 3.4: Variation of front wheels angles with referen
e steering angle (A
kerman Model)
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3.2.1.2 Comparison of steady-state response of a Four-wheel model and a Bi
y
lemodelFigures 3.5, 3.6 and 3.7 
ompares the variation of side-slip, yaw rate and roll angles with steeringangle for the Bi
y
le model and a Four-wheel model. It is observed that at lower steering angle,there is a very little di�eren
e in the steady-state response of the two models. Here, U = 15 m/s.
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Figure 3.7: Four-wheel model vs Bi
y
le model: Roll angle3.2.1.3 Variation of steady-state response with steering angle and forward velo
ity
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Figure 3.8: Steady-state Sideslip values for di�erent steering anglesWe perform steady-state analysis for our Four-wheel model. Refering to the Figure 3.8, it isobserved that for lower forward velo
ity the Side-slip angle is positive while it is negative for highervelo
ities. From the above observation, it 
an be inferred that at small lateral a

lerations, the19



rear wheel tra
ks inboard of the front wheel but when the lateral a

eleration in
reases with forwardvelo
ity, the rear wheels must drift outboard to develop ne
essary slip. Also, there exists a parti
ularvelo
ity at whi
h the slip-angle be
omes zero and is independent of radius of turn (or steering angle).

0 1 2 3 4 5 6 7 8 9 10
0

10

20

30

40

50

60

70

80

90

100

Steering Angle (deg)

Y
aw

 R
at

e 
(d

eg
/s

ec
)

U=20 m/s 

U=10 m/s 

U=5 m/s 

Figure 3.9: Steady-state Yaw Rate values for di�erent steering angles
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Figure 3.10: Steady-state Roll Angle values for di�erent steering anglesFrom the Figure 3.9, it is inferred that the yaw velo
ity in
rease almost linearly with the steeringangle and non-linearly with the forward velo
ity. In Figure 3.10, it is observed that variation of roll20



angle is proportional to the steering angle. Also, there is a substantial 
hange in roll angle of avehi
le with in
rease in forward velo
ity.3.2.2 Transient Response and Observations3.2.2.1 Transient Response 
hara
teristi
s of Linear ModelIn order to the study the transient response 
hara
teristi
s of the vehi
le, an operating point of
δs = δ1 = δ2 = 0 is taken and a step-input of 
hange in steering angle, ∆δs = 5o is applied. Theresponse 
urves are obtained for di�erent forward velo
ities. Figure 3.11 shows the lateral velo
ityresponse of a vehi
le. It 
an be observed that the �nal steady state values of the lateral velo
ity
an be positive or negative depending upon the forward velo
ity as dis
ussed in previous se
tion.Also, when the input is applied, the immediate lateral a

eleration response is positive whi
h later
hanges to negative. However, the total �nal lateral a

eleration of a vehi
le in a turn is alwayspositive. It is also observed that the settling time of the vehi
le response also in
reases with theforward velo
ity.
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Figure 3.11: Lateral velo
ity response for step steer-angle inputThe yaw velo
ity response of a vehi
le is shown in the Figure 3.12. It is observed that the yawrate and also the settling time in
reases with forward velo
ity. From Figure 3.13, it is observed thatat lower forward velo
ities, the roll angle response is os
illatory. At higher forward velo
ities, the21
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Figure 3.12: Yaw velo
ity response for step steer-angle inputroll angle of a vehi
le in
reases and it takes more time for the vehi
le to rea
h steady-state. It 
an beobserved that the steady-state values rea
hed in these response mat
h with the steady-state graphsshown in the previous se
tion
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3.2.2.2 Variation of Transient Response 
hara
teristi
s with vehi
le propertiesAs shown in Figure 3.14, with the in
rease in the roll sti�ness, the steady-state roll angle obtainedfor the same 
onditions redu
es as expe
ted. Also, for the lower sti�nesses, the roll response be
omesos
illatory.
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Chapter 4
Controller Development
4.1 Control ProblemIn 
ase of turning of a vehi
le, the driver 
ommands the 
ar to enter a 
urve by providing laterala

eleration to the 
ar. By 
ommanding the steering angle of the front wheels, the driver 
ontrolsslip angles developed at the wheels. These slip angles generate a lateral for
e whi
h is the 
auseof the lateral a

eleration. Moreover, as the vehi
le is a rigid body, this lateral motion implies a
orresponding yaw velo
ity. Thus the driver mainly 
ontrols the lateral motion of a vehi
le and isrelated to yaw motion only indire
tly [6℄.Apart from the driver inputs, yaw motion of a vehi
le is also a�e
ted by the external disturban
eslike due to wind, road in
linations and `µ-split' braking where the braking for
e o

uring at the fourwheels may be di�erent. These external disturban
es tend to deviate a vehi
le from its normalbehavior. This makes the driver's task more di�
ult as apart from the task of path following, driverhas to keep on providing inputs to 
ompensate for the e�e
ts of these disturban
es. Also, thesedisturban
es 
ome to him as a surprise and it takes sometime for him to re
ognize the situationand rea
t. Then, he may overrea
t and 
an make things worse. Hen
e, it required to have a
ontrol system that 
an make vehi
le's behavior immune to the external disturban
es and also donot interfere with the driver's task. Also, it has been suggested in the literature that for improved
ontrol of the vehi
le, it is bene�
ial to have small or zero side-slip angle (zero side-slip 
onditon) [2℄.Clearly, it is only possible to a
hieve the above goals if we 
an have a seperate 
ontrol over thelateral motion and yaw motion of a vehi
le. 24



In relation to the above dis
ussion, there are two important 
onsiderations,1. For the dis
rete 
ontrol of output variables, the number of input variables should be moreor atleast equal to the number of output variables. This is known as an "equally-a
tuated"system. In 
onventional steering, we have only one independent input in the form of a steeringangle hen
e it is impossible to 
ontrol two variables separately, i.e. it is an "under-a
tuated"system. In independent steering system, we have two steering inputs and therefore, we havethe opportunity to 
ontrol two 
hoosen output variables independently.Conversely, as we have only two independent inputs, we 
an 
ontrol only two output variablesat a time. For example, in our 
ase, we try to 
ontrol yaw rate and lateral velo
ity, andtherefore, we have no 
ontrol over the third degree of freedom that is of roll angle.2. The output variables to be 
ontrolled may be 
oupled to ea
h other due to the dynami
s ofthe system. Therefore, while 
hoosing the output variables to be 
ontrolled, it is ne
essarythat the de
oupling of the two variables should be possible.Our obje
tive is to devise a 
ontrol strategy so that we 
an have a seperate 
ontrol over the 
hosenvariables of interest, i.e., lateral velo
ity and yaw rate. These variables of motion are dynami
ally
oupled to ea
h other as 
an be seen from the equations of motion (see 
hapter on modeling) orin other words, there exist an intera
tion among these variables. Therefore, we try to a
hieve ade
oupling between these two motions of a vehi
le by exploiting independent steering a
tion. The
ontrol design problem 
an be stated as: "Design a 
ontroller that 
an de
ouple the yaw rate andlateral velo
ity of a vehi
le and seperately 
ontrol them in order to meet the desired transientresponse 
hara
teristi
s." The `De
oupling 
ontrol' s
heme used for the above purpose is des
ribedin detail in the next se
tion.4.2 De
oupling ControlA popular approa
h to dealing with 
ontrol loop intera
tions is to design non-intera
ting or de
ou-pling 
ontrol s
hemes [7℄. This is a
hieved by means of 
ompensation networks known as de
ouplers.The role of a de
oupler is to de
ompose a multivariable pro
ess into series of independent single-loopsub-systems that 
an be 
ontrolled using independent loop 
ontrollers. Refer Figure 4.1, [8℄. Thesesub-systems will, of 
ourse, be feedba
k 
ontrol systems.25



Figure 4.1: De
oupling Control Network [8℄Consider that the pro
ess to be 
ontrolled is a two-input two-output system, [G].
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(4.2)We have to design the 
ontroller [Gc] su
h that the overall plant be
omes a set of two single-inputsingle-output systems.
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(4.3)By 
omparing the elements, we get the following four equations,

q1 = G11Gc11 + G12Gc21 (4.4)
0 = G11Gc12 + G12Gc22 (4.5)
0 = G21Gc11 + G22Gc21 (4.6)26



q2 = G21Gc12 + G22Gc22 (4.7)The overall plant be
omes,
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(4.8)where w1 and w2 are the 
ontrol inputs for 
ontrolling y1 and y2 respe
tively. In this 
ase, we
hoose Gc11 and Gc22 as the 
ontrollers for 
ontrolling y1 and y2 respe
tively, while the 
ontroller

Gc21 minimizes the e�e
t of input to the plant, u2 on y1 and, Gc12 minimizes the e�e
t of u1 on
y2. Thus, by 
hoosing Gc11 and Gc22, the other two transfer fun
tions 
an be obtained by usingequations (4.5) and (4.6).4.3 Design of a de
oupling 
ontroller for the 3 d-o-f modelIn our 
ase, sin
e we have two 
ontrol inputs to the plant in the form of two steering angles offront wheels, we 
an have an independent 
ontrol over a maximum of two output variables. Su
h asystem is known as equally-a
tuated system. We 
onsider the vehi
le model with two steering anglesas inputs and yaw rate and lateral velo
ity as output as shown in Figure 4.2. Thus we design the
ontroller for the vehi
le model des
ribed previously and obtained for a prototype small 
ar.
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Figure 4.2: A
tual PlantThe two output variables are the fun
tions of both the inputs, i.e. there is an intera
tion betweenthe input and output variables. Therefore, we design a de
oupling 
ontroller so that we 
an have anindependent 
ontrol over the two outputs using the two input variables.
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∆R = q1 ∗ ∆RD (4.11)
∆V = q2 ∗ ∆VD (4.12)

Figure 4.3: Overall plant with two SISO loopsAs seen from the equations above, the overall plant gets transformed into two single-input single-output (SISO) loops where ∆RD(w1) and ∆VD(w2) are the 
hange in desired values of the yaw rateand lateral velo
ity and ∆R and ∆V are the 
hange in a
tual values respe
tively. The 
hange indesired values 
ome from the "referen
e model" that generate these values depending upon the driverinput and forward velo
ity. The q1 and q2 are obtained from the equations des
ribed in the previousse
tion.For the purpose of 
ontrolling the output variables, we have to design the 
ontrollers, Gc11and Gc22 as stated in the previous se
tion. Any suitable 
on�guration 
an be 
hosen for both the
ontrollers. We 
hoose a PID (Proportional-Integral-Derivative) 
on�guration for both of them. TheTransfer Fun
tion of a PID 
ontroller is given by,
TF =

(Kp + KdA)S2 + (KpA + Ki)S + KiA

S2 + AS
(4.13)28



Here, Kp, Kd and Ki are the proportional, derivative and integral gains whi
h need to besynthesized. A is a parameter for �lter with derivative, D. The value of A is taken as 10. The valuesof gains are obtained by trial and error method by suitably varying the values and observing thetransient response 
hara
teristi
s until the optimum response 
hara
teristi
s are obtained. The main
onsiderations in response 
hara
teristi
s are that the settling time should be as small as possible,and there should be minimum osillations and overshoot.We obtain the following values of gains,
Kp= 14
Ki= 28
Kd= 1Therefore, we obtain the transfer fun
tions for 
ontrollers as follows,

GC11 =
24s2 + 168s + 280

s2 + 10s
(4.14)

GC22 =
24s2 + 168s + 280

s2 + 10s
(4.15)Using equation 4.3, we get the Transfer Fun
tion for the 
ontroller GC12,

GC12 =
−3.957e077s9

− 2.159e079s8
− 5.865e080s7

− 1.023e082s6
− 1.233e083s5

1.832e076s9 + 1.055e078s8 + 2.957e079s7 + 5.264e080s6 + 6.421e081s5
(4.16)

−1.048e084s4
− 6.187e084s3

− 2.366e085s2
− 5.105e085s − 4.577e085

+5.458e082s4 + 3.153e083s3 + 1.119e084s2 + 1.818e084sSimilarly, using equation 4.4, we get the Transfer Fun
tion for the 
ontroller GC21,
GC21 =

−1.608e078s9
− 6.532e079s8

− 1.388e081s7
− 1.858e082s6

− 1.594e083s5

6.69e076s9 + 2.978e078s8 + 6.654e079s7 + 9.387e080s6 + 8.588e081s5
(4.17)

−8.265e083s4
− 1.501e084s3 + 8.549e084s2 + 4.859e085s + 6.649e085

+4.905e082s4 + 1.327e083s3
− 1.986e083s2

− 1.67e084s
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Chapter 5
Simulation Results
Simulations were performed in order to evaluate the disturban
e attenuation 
apability of the 
on-troller. The simulation was 
arried out for the vehi
le subje
ted to the external disturban
e due to
ross-wind. Simulations were performed in the Simulink enviornment.Consider a vehi
le taking a turn and subje
ted to sudden gust of side wind. The for
e experien
edby the vehi
le due to wind will be,

Fw = 1/2 ∗ ρ ∗ V 2

w ∗ Cs ∗ A (5.1)Here, Vw is the side wind velo
ity and Cs is a side-for
e 
oe�
ient that varies between 0.03to 0.06 [3℄. We take Vw of 20 m/s and side area, A = 3m2. Also, ρ = 1kg/m3(Air density) and
Cs = 0.05. We assume that the 
entre of wind-for
e lies at 0.5 metres behind the CG. We get thefollowing values for the external for
e and moment,Table 5.1: Magnitude of external disturban
es a
ting on the 
arDisturban
e . .External For
e 30 KgfExternal Moment 15 Kgf-mThe 
ontrol loop for the yaw rate takes the referen
e yaw rate value from the referen
e modeland a
tual yaw rate is fedba
k through the 
losed loop. The 
ontroller tries to maintain the a
tualyaw rate of the vehi
le as 
lose as possible to the referen
e yaw rate. If the a
tual yaw rate deviatesfrom its referen
e value, the 
ontroller tries to minimize the error between the two. The 
ontrol30
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loop for the lateral velo
ity is fed with the error signal, Verror = 0. Thus, any 
hange in yaw rate ofa vehi
le due to disturban
e will be attenuated and there will be no 
hange in the vehi
le's lateralvelo
ity response that o

urs due to disturban
e. The initial state here is at δs=4o.The external for
e and moment is applied as step-input at time, t= 3 se
onds. The simulationtime is 10 se
onds. Forward velo
ity of the vehi
le is taken to be 20 m/se
.As seen from the Figure 5.2 and 5.3, the e�e
t of disturban
e on yaw rate is attenuated and thesteady-state error is zero while the lateral velo
ity response in 
ase of vehi
le both with and withoutthe 
ontroller is the same. Also, as it 
an be observed from the equations of motion that the yawresponse and roll response of the vehi
le are highly 
oupled, the e�e
t of disturban
e on roll angleis also attenuated along with the yaw rate. Thus, the 
hange in the roll angle due to disturban
ealso redu
es to zero. Table 5.2: Response 
urvesResponse without 
ontroller ���Response with de
oupling 
ontroller - - - - - -

Figure 5.2: Variation of Yaw Velo
ity with timeFigures 5.5 and 5.6 show how the inside and outside steering angles vary with time. The steady-32



Figure 5.3: Variation of Lateral Velo
ity with time

Figure 5.4: Variation of Roll Angle with timestate steering angles before the disturban
e are, δ1 = 4.1o on the inside wheel and δ2 = 3.9o on theoutside wheel. After the disturban
e is applied, the angle on the inside wheel in
reases to δ1 = 7.2oand that on the inside wheel redu
es to δ2 = −0.1o in order to produ
e the desired response.33



Figure 5.5: Variation of inside front wheel angle with time

Figure 5.6: Variation of outside front wheel angle with timeIt will be useful to note that in this example, we have not 
onsidered the following things whi
hmay be important in the 
ase of real-life vehi
les,1. The amount and rate at whi
h the front wheels 
an be a
tuated or steering-angles 
hangedmay be limited due to pra
ti
al limitations of the a
tuation system used.34



2. The parameters of the vehi
le model on the basis of whi
h the 
ontroller is designed mayvary with time or situations su
h as mass of the vehi
le. This problem 
an be resolved if the
ontroller is made robust to these un
ertainities.3. There may be other una

ounted disturban
es a
ting on the vehi
le or on the 
ontroller itselfand presen
e of noise et
.
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Chapter 6
Con
lusion and Future Work
In this thesis, we have studied the steering a
tion of a vehi
le whi
h is responsible for its lateraldynami
s. We studied that in order to have a 
ontrol over more than one variables of the vehi
le'shandling 
hara
teristi
s, we need to have atleast as mu
h number of inputs. We introdu
ed the
on
ept of independent steering system in whi
h we have two independent steering inputs andtherefore there is a possibility of 
ontrolling two output variables independently. We developed a 3degree-of-freedom model and 
hoose the two degrees of yaw rate and lateral velo
ity to be 
ontrolledindependently. We showed that by means of de
oupling pro
ess, we 
an de
ompose the plant intotwo seperate SISO loops and 
ontrol them seperately. We designed the 
ontroller for our model and
hoose the area of disturban
e attenuation to su

essfully show that on one side we 
an attenuatethe e�e
ts of disturban
e on yaw rate and on the other side do not disturb its a�e
t on the lateralvelo
ity of the vehi
le.We 
an say that this opens up a new area of study of relationship between the 
hara
teristi
s ofresponse variables and developing strategies for relatively 
ontrolling them in order to a
hieve theoverall improvement in vehi
le handling. The future work in this �eld may in
lude the following,1. Condu
ting experiments on a a
tual vehi
le to �nd out how the 
ontroller perform in thereal-life situations. This may in
lude some modi�
ations in the 
ontroller depending on thevehi
le instrumentation and feedba
k available.2. Improving the 
onsidered model by in
luding more degrees of freedom and taking other e�e
tsthat o

ur during vehi
le's lateral response into 
onsideration. The more degrees of freedommay in
lude that of pit
hing, di�erent suspension 
hara
teristi
s on individual wheels et
. The36



e�e
ts su
h as non-linear behavior of tire at higher slip angles and load transfer between insideand outside wheel due to shifting of 
entre-of-gravity 
an be taken into 
onsideration.3. Identifying other safety-
riti
al or 
omfort-based real-life situations where the improvementin handling behavior of a vehi
le needs attention. Analyzing the response 
hara
teristi
sinvolved and studying the intera
tion among them and how there manipulation 
an have anoverall improvement in the vehi
le's handling behavior.4. Devising new methods by whi
h we 
an have 
ontrol over more than two response 
hara
-teristi
s. This implies developing 
ontrol strategies through whi
h we 
an a
hieve an overalloptimum balan
e between the 
hoosen variables of interest in vehi
le's response for the givensituation.
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Appendix A
Derivation of Equations of Motion and
oe�
ients used
A.1 Coe�
ientsIn our derivation of the equations of motion, we have de�ned 
ertain 
oe�
ients, whi
h are fun
tionsof vehi
le physi
al parameters, in order to simplify our equations. They are as de�ned as below:

Yd = −Cf (A.1)
Yβ = 2 ∗ (Cf + Cr) (A.2)

Yr = 2 ∗ (a ∗ Cf − b ∗ Cr)/U (A.3)
Yi = 2 ∗ (−Ef ∗ Cf − Er ∗ Cr + Yfi + Yri) (A.4)

Nd = −a ∗ Cf (A.5)
Nβ = 2 ∗ (a ∗ Cf − b ∗ Cr + Af + Ar) (A.6)

Nr = 2 ∗ (a2
∗ Cf + b2

∗ Cr)/U (A.7)
Ni = 2 ∗ (−a ∗ Ef ∗ Cf + b ∗ Er ∗ Cr − Ef ∗ Af − Er ∗ Ar + a ∗ Yfi − b ∗ Yri (A.8)

Np = Cf ∗ a ∗ p/U (A.9)39



Nq = Cf ∗ a ∗ q/U (A.10)
Ng = Cf ∗ q (A.11)
Nh = Cf ∗ p (A.12)

Lφ = Lif + Lir + Ms ∗ g ∗ h (A.13)
Lp = Lpf + Lpr (A.14)A.2 Derivation of the equations of motion

Figure A.1: Four-Wheel ModelConsider a vehi
le taking a turn. Here, U is the forward velo
ity, V is the lateral velo
ity, and ris the yaw velo
ity of a vehi
le. As the steering angles are small, we 
an take, sinδ = δ and cosδ = 1Consider the slip angle at the front wheels.Slip angle at the inside wheel is,
αf1 =

V + ar

U
− δ1 (A.15)Slip angle at the outside wheel is,

αf2 =
V + ar

U
− δ2 (A.16)40



Slip angle at both the rear wheels will be same given by,
αr1,2 =

V − br

U
(A.17)We know that the Newton's Se
ond law is given by,

Mass × Acceleration = ForceApplying Newton's Se
ond law in the lateral dire
tion,
M

(

V̇ + Ur
)

+ Mshφ̈ = Cf (αf1 + αf2) + 2.Crαr (A.18)By substituting the relation for slip angles in the above equation and simplifying,
M

(

V̇ + Ur
)

+ Mshφ̈ = 2 (Cf + Cr)

(

V

U

)

+ 2 (aCf − bCr)
( r

U

)

− Cf (δ1 + δ2) (A.19)Substituting for the 
oe�
ients de�ned earlier, we �nally get,
M

(

V̇ + Ur
)

+ Mshφ̈ = Ybβ + Yrr + Yδ (δ1 + δ2) (A.20)The above equation gives the equation of motion in the lateral dire
tion.Applying Newton's Se
ond law around verti
al axis,
Iz ṙ − Pφ̈ = a.Cf (αf1 + αf2) − 2b.Crαr + q.Cfαf1δ1 − p.Cfαf2δ2 (A.21)By simpli�
ation and substitution, we get,

Iz ṙ−Pφ̈ = Nββ+Nrr+Nφφ+Nδδ1+Nδδ2+Ngβδ1−Nhβδ2+Nqrδ1−Nprδ2−Ngδ
2

1 +Nhδ2

2 (A.22)The above equation is the equation of motion around the verti
al axis.Similarly, by the appli
ation of Newton's Se
ond law around longitudinal axis, we get the third
41



equation of motion as follows,
Ixφ̈ − P ṙ + MshV̇ + MshUr = Lφ + Lpφ̈ (A.23)Thus, the equations A.20, A.22 and A.23 give the equations of motion of a vehi
le.
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Appendix B
Vehi
le parameters and transient modelobtained for the prototype small 
ar
B.1 Vehi
le ParametersThe vehi
le parameter values used for 
onstru
tion of our model are as listed below (in metri
 units).For more details, one 
an refer [5℄. .M = 875 kgMs = 773kga=1.3 mb=0.8 mp=0.61 mq=0.61 mh=0.3 mIz = 1029kg − m2Ix = 277kg − m2P=-37 kg-mEf = 0Er = 0Cf = −29103N/rad 43



Cr = −42720N/radAαf = 768N − mAαr = 1241N − mYff = 165N/radYfr = 2430N/radLφ = −31000N − m/radLp = −2100N − m/rad/sB.2 Transient ModelThe Transient Model of a vehi
le is obtained by taking Lapla
e Transform of all the three equationsof motion and writing the equations in the ve
tor-matrix form in order to get the solution for
∆R(s), ∆V (s) and ∆φ(s) for four di�erent inputs. This was done using Symbolic Toolbox of
Matlab. Thus, we obtain a set of 12 di�erent Transfer Fun
tions whi
h 
an be write in a TransferMatrix form as below,
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(B.1)
The Transfer fun
tions obtained for ea
h of the input-output pair are listed below. The forwardvelo
ity in this 
ase was taken to be 10 m/se
.:

G11 =
5.956e038s3 + 1.192e040s2 + 1.304e041s + 6.917e041

3.076e037s4 + 8.479e038s3 + 1.131e040s2 + 8.589e040s + 2.628e041
(B.2)

G21 =
2.177e039s3 + 1.322e040s2 + 1.771e041s − 9.036e041

3.076e037s4 + 8.479e038s3 + 1.131e040s2 + 8.589e040s + 2.628e041
(B.3)

G31 =
−5.786e038s2

− 4.477e039s − 5.205e040

3.076e037s4 + 8.479e038s3 + 1.131e040s2 + 8.589e040s + 2.628e041
(B.4)
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G12 =
5.359e038s3 + 1.072e040s2 + 1.173e041s + 6.22e041

3.076e037s4 + 8.479e038s3 + 1.131e040s2 + 8.589e040s + 2.628e041
(B.5)

G22 =
2.175e039s3 + 1.512e040s2 + 1.957e041s − 6.355e041

3.076e037s4 + 8.479e038s3 + 1.131e040s2 + 8.589e040s + 2.628e041
(B.6)

G32 =
−5.755e038s2

− 4.433e039s − 4.68e040

3.076e037s4 + 8.479e038s3 + 1.131e040s2 + 8.589e040s + 2.628e041
(B.7)

G13 =
1.835e033s3 + 8.972e033s2 + 3.582e035s + 1.002e036

3.076e037s4 + 8.479e038s3 + 1.131e040s2 + 8.589e040s + 2.628e041
(B.8)

G23 =
6.577e035s3 + 9.783e036s2 + 1.102e038s + 5.335e038

3.076e037s4 + 8.479e038s3 + 1.131e040s2 + 8.589e040s + 2.628e041
(B.9)

G33 =
−1.675e035s2

− 1.239e036s − 7.539e034

3.076e037s4 + 8.479e038s3 + 1.131e040s2 + 8.589e040s + 2.628e041
(B.10)

G14 =
4.061e034s3 + 8.188e035s2 + 8.901e036s + 4.741e037

3.076e037s4 + 8.479e038s3 + 1.131e040s2 + 8.589e040s + 2.628e041
(B.11)

G24 =
1.835e033s3

− 1.293e036s2
− 1.263e037s − 1.824e038

3.076e037s4 + 8.479e038s3 + 1.131e040s2 + 8.589e040s + 2.628e041
(B.12)

G34 =
−2.119e033s2

− 2.937e034s − 3.567e036

3.076e037s4 + 8.479e038s3 + 1.131e040s2 + 8.589e040s + 2.628e041
(B.13)
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