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ABSTRACT

The cross-plane (across-layers) phonon thermal transport of five diverse, layered semiconductors is investigated by accounting for higher-
order four-phonon scattering, phonon renormalization, and multi-channel thermal transport. For materials having relatively large cross-
plane thermal conductivity (AlB6; MoS2, and MoSi2N4), phonons contributing to cross-plane conductivity have an order of magnitude larger
mean free path than that for the basal-plane thermal transport, whereas the opposite effect is observed for materials with low thermal conduc-
tivity (MoO3 and KCuSe). The contribution from the wave-like coherent transport channel is less than 5% in all considered materials. Our
work unravels the contrasting role of nanostructuring on the basal- vs cross-plane thermal conductivity of low and high thermal conductivity
layered materials.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0184647

The tunable optoelectronic,1 thermal,2 and electrical3 properties
of layered materials have made them a subject of continuous explora-
tion for their potential applications in photonic devices,4 field-effect
transistors,5 thermal management,6 energy storage,7 and catalysis.8

The layered materials are composed of different atomic layers that are
held together by weak van der Waal (vdW) interactions.9 While these
interactions allow for easy manipulation of the structure, resulting in
numerous homo/hetero-stacked structures,10 they also lead to ineffi-
cient thermal transport across layers, often causing performance bot-
tlenecks in derived devices.11 Extensive research focused on the
understanding of basal-plane (parallel to atomic layers) thermal trans-
port has resulted in the discovery of new thermal transport physics,
such as hydrodynamic thermal transport12 and ultrahigh/diverging
thermal conductivity,13,14 in these materials. The across-layer (cross-
plane) thermal transport, however, has received little attention despite
its importance on the performance of emerging homo/hetero-stacked
layered material-based devices.15,16

In this work, we investigate the cross-plane thermal transport in
five diverse, layered materials spanning hexagonal/orthorhombic,
binary/ternary, and intercalated/multi-layered structures using the
state-of-the-art ab initio calculations. We start by benchmarking vdW
functionals for the study of the thermal transport in layered materials
and investigate the phonon thermal transport by accounting for three-
and four-phonon scatterings, phonon renormalization, and multi-
channel thermal transport.17,18 We find that despite similar interlayer
interactions, the cross-plane phonon thermal conductivity spans more
than an order of magnitude, varying from 0.48W/mK for KCuSe to

11W/mK for MoSi2N4 at room temperature. Furthermore, even
though the cross-plane thermal transport is less efficient than the cor-
responding basal-plane transport in all considered materials, the pho-
nons contributing to the cross-plane transport can have longer mean
free paths than those for the basal-plane transport, thus suggesting a
larger impact of nanostructuring on the cross-plane thermal compared
to the basal-plane transport in some materials.

We obtain the phonon thermal conductivity, k, of considered
semiconducitng materials as17,19

ka ¼
X

i

cph;iv
2
as

a
i ; (1)

where the summation is over all the phonon modes in the Brillouin
zone enumerated by i � ðq; �Þ, where q and � are phonon wavevector
and mode index, and cph;i; va, and sai represent phonon specific heat,
group velocity (a-component), and transport lifetime, respectively.
The transport lifetimes are obtained by considering phonon–phonon
scattering via three- and four-phonon scattering processes. The
phonon-boundary scattering is included as sbdry ¼ Lbdry=jvj, where
Lbdry is the characteristic length scale (chosen as 1lm for all materials
for comparison with experiments20–22) The details regarding cph, va,
and s calculations via phonon renormalization, temperature-
dependent sampling of the potential energy surface, and multi-channel
thermal transport are available elsewhere in Refs. 17, 19, and 23.

The computation of phonon mode properties (heat capacity,
group velocity, three-phonon, and four-phonon scattering rates)
requires harmonic, cubic, and quartic interatomic force constants,17
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which we obtained using the density functional theory (DFT) calcula-
tions as implemented in planewaves based quantum chemistry pack-
age Quantum Espresso.24,25 The structure relaxation and force
constant calculations were carried out using Perdew–Burke–Ernzerhof
optimized norm conserving Vanderbilt pseudo-potentials.26,27 The
plane wave energy cutoff and the electronic wavevector grid are con-
verged to ensure a change in total energy to be less than 10�8 Ry/atom.
The harmonic force constants are obtained using a finite-difference
approach by displacing required atoms from their equilibrium posi-
tions by 0.05 Å. The anharmonic force constants are obtained using
the stochastic thermal snapshot technique as discussed in Ref. 28 using
200 thermally populated supercells corresponding to a temperature of
300K. The cubic interaction cutoff is fixed at 4th neighbor shell for the
extraction of cubic force constants from the force–displacement data
fitting. The obtained three-phonon thermal conductivities are con-
verged within 5% with respect to the above-mentioned choice of inter-
action cutoffs and phonon wavevector grid for all considered
materials. For the calculation of four-phonon scattering rates, the
quartic interaction cutoffs are set at 1st neighbor shell, and the phonon
wavevector grid is selected to ensure a minimum number of 9200 pho-
non modes.

The crystal structures of considered layered materials are pre-
sented in Fig. 1(a). AlB6 consists of an atomic-layers/planes of boron
atoms (borophene) which are lightly buckled and Al atoms are interca-
lated between these layers, resulting in a seven atoms unit-cell. The
unit-cell of MoS2 is composed of S and Mo atomic planes with each
Mo atom bonded to two equivalent S atoms. In contrast, in MoO3,

(i) each Mo atom is bonded to three different types of O atoms (singly,
doubly, and triply coordinated) and (ii) MoO3 belongs to orthorhom-
bic crystal family compared to hexagonal for MoS2. KCuSe has a simi-
lar structure as that of AlB6, but guest atoms (K/Al in KCuSe/AlB6)
are sandwiched in-between planar binary CuSe layers as opposed to
non-planar monatomic layers in AlB6. MoSi2N4 has a heterogeneous
stacking with MoN2 layers sandwiched between two SiN layers result-
ing in three atomic layer thick primitive unitcell. We note that these
materials are chosen to cover a diverse range of crystal structures with
two-three orders of magnitude variation in reported room temperature
basal-plane thermal conductivity of corresponding monolayers.

We start by first validating the choice of employed vdW func-
tional to describe weak interlayer interactions in layered materials. For
this, we employed a similar methodology as we used in our previous
work for studying thermal transport in MoS2.

33 In brief, we started
with several empirical post-DFT corrections and non-local vdW func-
tionals and benchmarked them for (i) basal-plane lattice constant pre-
diction as compared to that without employing any vdW correction
and (ii) phonon group velocities and anharmonicty (as measured by
heat capacity weighted Gr€uneissen parameters) against those predicted
without any vdW correction for monolayer material. Among all con-
sidered corrections/functionals, we found that only Grimme-D3 (Ref.
34) post-DFT correction and rvv10 (Ref. 35) non-local functional were
able to correctly describe the considered properties of MoS2, and as
such, only these functionals are considered in this study.

For monolayer materials, the computationally predicted basal-
plane lattice constant, the phonon heat-capacity weighted group

FIG. 1. Phonon dispersions. The phonon dispersions of considered layered materials were obtained by including quartic phonon renormalization at 300 K (dashed lines) and
without renormalization (solid lines). The renormalization is significant for MoO3 and KCuSe and is negligible in other materials. Compared to basal-plane directions, the optical
phonon branches are relatively flat in the C–Z direction, suggesting narrow-range acoustic-phonon dominated phonon thermal transport in the cross-plane direction.
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velocity, and Gr€uneissen parameter are reported in Table I. For mono-
layer MoO3, Grimme-D3 correction-based DFT calculations did not
converge, and these results are not available in Table I. For all consid-
ered materials, the predicted basal-plane lattice constant and heat-
capacity weighted group velocities using the Grimme-D3 and rvv10
functional are within 2% of those obtained using the no-vdW func-
tional. Furthermore, with the exception of the rvv10 functional for
KCuSe, both functionals produced less than a 5% difference in
Gr€uneissen parameters compared to those obtained without vdW
functional for all materials. Therefore, other than MoO3, Grimme-D3
functional is employed to study thermal transport across layers in all
materials in this study. For MoO3, since monolayer calculations did
not converge with Grimme-D3, the rvv10 functional is employed. We
find that with an exception of inter-layer spacing in MoO3, our pre-
dicted lattice constants (both basal-plane and cross-plane directions)
are within 2% of experimentally measured values30 for these choices of
functionals.

The phonon dispersions of considered materials are reported in
Figs. 1(b)–1(f). Due to intercalation of Al, the phonon frequency range
in AlB6 is reduced compared to that reported in the literature for
d4-borophene.

36 For MoS2 and MoO3, the acoustic phonon modes are
dominated by heavy Mo atoms with lower phonon frequencies com-
pared to that for Al-dominated modes in AlB6. In KCuSe, in addition
to the presence of heavy and intercalated atoms, the interatomic planar
bonding is also weak. This weak bonding is reflected in thermal mean
square displacements (MSDs), which are high at 0.03 and 0.04 Å

2
for

K and Se atoms in the basal- and cross-plane directions, respectively,
at 300K compared to less than 0.02 Å

2
for all other materials. As such,

the sound speed and the phonon frequency range are less than
2500m/s and 7THz in KCuSe. For MoSi2N4, despite heavy Mo atoms,

the sound speed is larger than 6000m/s in the C–Z direction owing to
strong interatomic bonds formed by N atoms.

Because of large thermal displacements of atoms in KCuSe, the
potential energy surface experienced by atoms at non-zero tempera-
tures is different from that at 0K, which results in a strong phonon
renormalization. The phonon dispersions of considered materials
obtained by phonon renormalization at 300K are reported as dashed
lines in Fig. 1. As expected from large MSDs of atoms, the renormali-
zation is strong in KCuSe (also for MoO3 with MSD of up to 0.02 Å

2
)

and is negligible in other materials (MSD are less than 0.01 Å
2
in all

other materials).37

The predicted basal-plane (zigzag direction) and cross-plane ther-
mal conductivities of considered materials obtained by considering
three-phonon scattering only are reported in Fig. 2(a). The reported
thermal conductivities are obtained using the relaxation time approxi-
mation (RTA) of the BTE, and the effect of the iterative solution of the
BTE on the cross-plane (basal-plane) thermal conductivity is found to
be less than 5% (17%) for all considered materials at 300K using only
three-phonon scattering. The obtained basal- and cross-plane thermal
conductivities of considered materials span over an order of magnitude
and follow a similar relative trend between considered materials. The
lowest obtained thermal conductivities are for KCuSe due to weakly
bonded atoms (and hence low group velocities) and strongly anhar-
monic bonds (strong phonon–phonon scattering) as reported in Table
I. Among MoS2 and MoO3, both having similar group velocities, the
thermal conductivities are higher for MoS2 due to higher structural
symmetry (all Mo–S bonds are similar in MoS2 compared to three dif-
ferent kind of Mo–O bonds in MoO3) and relatively weak anharmo-
nicity. For AlB6, while the group velocities are larger and the
anharmonicity is lower than that in MoS2, the thermal conductivity is

TABLE I. vdW functional benchmarking. The effect of selected vdW functionals on the predicted structural, harmonic, and anharmonic properties of monolayers of considered
layered materials. The reported lattice constants (a) are for basal-plane, and the reported group velocity (jvj) and Gr€uneissen parameter (c) are heat capacity weighted averages
of all phonon modes.

Monolayer Bulk

Basal-plane lattice constant (Å) Cross-plane lattice constant (Å)

Material vdW functional Exp. Pred. jvj (m/s) c Exp. Pred.

AlB6 No � � � 2.92 (3.42) 3714 0.88 � � � 14.02
D3 2.92 (3.42) 3726 0.92 13.23

rvv10 2.93 (3.43) 3655 0.92 13.28
MoS2 No 3.16 (Ref. 29) 3.19 1818 1.29 12.29 (Ref. 29) 14.07

D3 3.17 1831 1.30 12.41
rvv10 3.22 1787 1.32 12.36

MoO3 No 3.70 (3.92)30 3.68 (3.93) 1990 1.86 13.35 (Ref. 30) -
rvv10 3.70 (3.92) 1956 1.82 14.00

KCuSe No 4.18 (Ref. 31) 4.16 848 1.53 9.54 (Ref. 31) 9.95
D3 4.13 876 1.61 9.98

rvv10 4.18 823 1.75 9.59
MoSi2N4 No 2.94 (Ref. 32) 2.91 3026 0.87 � � � 20.77

D3 2.90 3038 0.82 20.15
rvv10 2.92 3048 0.85 20.10
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lower due to less symmetric orthorhombic structure with enhanced
phonon scattering phase space. For MoSi2N4, the thermal conductivi-
ties are high at 230 and 11W/mK in the basal- and cross-plane direc-
tions due to large phonon group velocities, weak anharmonicity, and
symmetric structure.

The inclusion of four-phonon scattering reduces phonon life-
times, thus reducing thermal conductivity. Figure 2(b) presents the
percentage reduction in predicted thermal conductivities when four-
phonon scattering is considered. For KCuSe and MoO3, the reported
results are obtained by including phonon renormalization.
Considering only three-phonon scattering, the cross-plane thermal
conductivity is under-predicted by 42% at 300K for KCuSe if phonon
renormalization is not included.

For basal-plane thermal transport, the four-phonon scattering
has a small effect on the thermal conductivity, and the maximum
obtained reduction in thermal conductivity is 21% for KCuSe with
strongly anharmonic bonds. For cross-plane thermal transport, while
the effect is more pronounced and the thermal conductivity is reduced
by 13% for MoO3 and 34% for KCuSe, the effect is significant only for
strongly anharmonic materials (MoO3 and KCuSe). For AlB6; MoS2,

and MoSi2N4 with strongly bonded atoms, the thermal conductivity
remains unchanged (change is less than 5%) with the inclusion of
four-phonon scattering.

For MoS2, our predicted basal-plane thermal conductivity obtained
by iteratively solving the Boltzmann transport equation is 111W/mK
(95 using the RTA solution of the BTE) for 1lm sample, directly com-
parable with the experimentally measured values of 85–110W/mK
reported by Liu et al.20 Likewise, our predicted cross-plane thermal con-
ductivity of MoS2 is 4W/mK, is confined in the experimentally mea-
sured thermal conductivity range of 4.46 0.45 W/mK by Jiang et al.21

For MoO3, our predicted average basal-plane thermal conductivity
obtained by considering only three phonon scattering for a sample size
of 1lm is 17.7W/mK compared to 13.9W/mK by Tong et al.22 using
similar calculations. Among other numerical parameters, this difference
can be due to the non-inclusion of phonon renormalization in the study
of Tong et al.; by considering only three-phonon scattering, we find that
the average basal-plane thermal conductivity of MoO3 is under-
predicted by 7% without phonon renormalization.

While all considered materials have similar thermal conductivity
trends, we found that the phonon modes that contribute to basal- and

FIG. 2. Phonon thermal conductivity. (a) The predicted thermal conductivities of considered materials obtained by considering three-phonon scattering and (b) percentage
reduction in predicted thermal conductivities on the inclusion of four-phonon scattering. As indicated by the legend, lighter colored bars represent basal-plane values and darker
color bars represent cross-plane values. (c) Thermal conductivity accumulation with phonon mean free paths (by considering both three- and four-phonon scatterings). j3ph
and j4phþ4ph represent thermal conductivities obtained by considering only three-phonon and by considering three- and four-phonon scatterings, respectively. Only zigzag-
direction values are reported for the basal-plane. For KCuSe and MoO3, the results are obtained by considering phonon quartic renormalization. All results are obtained by
including phonon-boundary scattering corresponding to the characteristic sample size of 1 lm. Other than KCuSe and MoO3, the thermal transport in the cross-plane direction
is dominated by longer mean free path phonons.
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cross-plane transports have different behavior in low- and high-thermal
materials [Fig. 2(c)]. For materials having low cross-plane thermal con-
ductivity (KCuSe and MoO3), the phonons contributing to basal- and
cross-plane thermal transports have similar mean free path ranges.
However, for remaining materials with high cross-plane thermal conduc-
tivity, the phonon mean free paths for the cross-plane thermal transport
are larger than those for the basal-plane direction. This is understandable
from phonon dispersion where noticeably, other than low-frequency
acoustic phonon branches, all other branches are dispersionless in the
C–Z direction in AlB6; MoS2, and MoSi2N4. Thus, all contribution to
the cross-plane thermal transport comes from acoustic phonons with the
narrow frequency range, which consequently results in a narrow phonon
mean free path range for the cross-plane direction compared to that for
the basal-plane direction. Furthermore, since acoustic phonons have, in
general, larger group velocities compared to the optical phonons,38 the
phonon mean free paths for the cross-plane thermal transport are larger
than those for the basal-plane direction in these materials. For KCuSe
and MoO3, the weak interatomic bonding and strong anharmonicity
result in small phonon mean free paths for acoustic phonons, and the
contribution is similar from acoustic and optical phonons in the basal-
and cross-plane directions. As a result, the mean free paths of heat-
carrying phonons in the cross-plane direction are comparable with the
basal-plane direction for these low thermal conductivity materials.

The obtained cross-plane thermal conductivities of MoO3 and
KCuSe are lower than 1W=m� K at room temperature. For such low
thermal conductivity materials, other than the contribution from a
particle-like transport channel, an additional contribution originating
from the wave-like coherent channel can also be significant for thermal
transport.18 To check for this, the phonon mean paths are compared
with minimum interatomic distance (Ioffe–Regel limit39) in Fig. 3. We
find that for all considered materials, the cross-plane thermal transport
is dominated by phonons with mean free paths larger than the
Ioffe–Regel limit. Therefore, despite the low thermal conductivity from
particle-like transport channels, the contribution from the coherent
channel is expected to be small.18 This is, indeed, the case, and the con-
tribution of the coherent channel is obtained to be less than 5% for all
considered materials in the cross-plane direction. For the basal-plane
thermal transport, the contribution from the coherent channel is even
less (less than 2% for all considered materials). Therefore, though the
basal- and cross-plane thermal conductivities of considered 2Dmateri-
als span over several orders of magnitude, the thermal transport is
only through the particle-like single transport channel.

In summary, we investigated cross-plane thermal transport in
five diverse, layered materials using ab initio-driven density functional
theory calculations. We find that four-phonon scattering is only
needed to correctly describe the cross-plane thermal transport in
strongly anharmonic layered materials, even though cross-plane inter-
actions are weak in all considered materials. The cross-plane thermal
conductivity spans more than an order of magnitude, and the thermal
transport is only through the particle-like single channel. Furthermore,
we find that the thermal transport in the cross-plane direction is
majorly dominated by acoustic phonons and is more sensitive to mate-
rial thickness owing to longer mean free paths of contributing phonons
in high thermal conductivity materials, while for low thermal conduc-
tivity materials, the mean free paths of heat-carrying phonons in the
basal-plane direction are comparable with phonons in the cross-plane
direction. Our study highlights the different roles of nanostructuring

on the cross- and basal-plane thermal transport in low- vs high-
thermal conductivity layered materials.
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