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 A B S T R A C T

Hard carbons (HCs) are promising materials for energy storage applications, but their thermal transport 
properties remain largely unexplored. We investigate the thermal conductivity of HCs using equilibrium 
molecular dynamics (EMD) simulations with the machine-learning based neuroevolution potential (NEP). The 
localized optical phonons with small group velocities in the considered crystalline HC result in amorphous 
like behaviour in heat current autocorraltion function (HCACF), leading to lower thermal conductivity 
than diamond. Moreover, the introduction of structural disorder in crystalline HC reduces the thermal 
conductivity further due to localized transformation of carbon atoms from sp2 to sp hybridization. The present 
work validates the NEP for carbon-based materials and provides the correlation of structural disorder and 
hybridization of carbon atoms with the thermal conductivity.
1. Introduction

Carbon-based materials play a vital role in energy storage systems 
such as lithium-, sodium-, and potassium-ion batteries. In lithium-
ion batteries, graphite is commonly used as the anode material as it 
can accommodate intercalated lithium ions, and is cost-effective [1]. 
However, graphite is unsuitable for sodium- and potassium-ion bat-
teries since the larger atomic sizes of sodium and potassium prevent 
effective intercalation [2,3]. As an alternative, HCs, which possess a 
disordered arrangement of graphitic layers, with both open and closed 
pores, are being extensively explored as anode materials for these 
systems. The porous structure of HCs enables the storage of larger 
atoms [4–10]. During battery charging and discharging, the intercala-
tion and deintercalation of ions induce mechanical and thermal stresses 
inside the anode. Consequently, understanding of thermal transport 
properties of HCs is crucial for the design of efficient and stable sodium-
/potassium-ion batteries. However, despite extensive research on the 
chemical/storage performance of HCs as battery anode materials, the 
thermal transport properties of HCs remain largely unexplored.

The thermal transport properties of carbon-based materials have 
been extensively studied in the literature for both crystalline forms 
(diamond, graphite, etc.) and disordered forms (amorphous, foams, 
aerogels, etc.). The thermal conductivity of crystalline carbons typ-
ically lies in the range of 1000–4000 W/m-K [11–14]. For disor-
dered forms, due to lack of long-range order and reduced density, 
the values are two to four orders of magnitude lower, typically in 
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the range of 0.01–10 W/m-K [15–18]. Although HCs are often clas-
sified as crystalline [19], they possess large unit cells with nearly 
100% sp2 hybridization, lack symmetry owing to structural disorders, 
and have low densities (less than 1 g/cm3) [20–25]. Further, the 
atomic arrangements in HCs are amorphous-like; suggesting that their 
thermal properties may differ significantly from that of crystalline ma-
terials. Experimentally, Smontara et al. investigated thermal properties 
of fullerene-derived HCs and reported a 300 K thermal conductivity 
of 5.5 W/m-K [26]. However, considering that this reported thermal 
conductivity is already disorder-like to start with, it is unclear if the 
thermal conductivity will undergo any changes (with disorder) during 
the charging/discharging of the battery.

To address this, in this study, we employ molecular dynamics sim-
ulations to investigate thermal transport properties in crystalline and 
disordered phases of HCs. In particular, we studied thermal transport in 
FAU (also known as faujasite, a zeolite templated carbon material pro-
duced using faujasite-type zeolite Y as a nanotemplate [27–29]) using 
EMD. We find that the thermal conductivity of FAU is only 5.43 W/m-
K at 300 K compared to more than 2348 W/m-K for diamond. Our 
modal phonon analysis suggests that this is owing to reduced phonon 
group velocities, stronger anharmonicity, and larger phonon scattering 
phase space. Further, when we convert this crystalline phase of FAU 
to an amorphous phase, via computational heating and quenching, the 
thermal conductivity reduces to less than 1.5 W/m-K.
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Fig. 1.  (a) Schematic of closed-strut unit cell of FAU, (b) Schematic of the 3 × 3 × 3 supercell of FAU with the unit cell highlighted, and (c) Amorphous structure 
obtained from FAU containing 75.29% sp2, 24.26% sp, and 0.44% sp3.
2. Methodology

The crystal structure of FAU is obtained via the zeolite-templating 
method described in Ref. [28]. The unit cell of FAU consists of 176 
atoms and belongs to the triclinic crystal family. The schematics of 
closed-strut unit cell and the 3 × 3 × 3 supercell of FAU (with high-
lighted unit cell) are presented in Fig.  1(a) and (b), respectively. 
This considered variant has a density of 0.88 g/cm3 (compared to 
3.53 g/cm3 in diamond) with 100% sp2 hybridization (compared to 
100% sp3 in diamond).

The EMD simulations are performed using the GPUMD (Graphics 
Processing Units Molecular Dynamics) package [30] with NEP. NEP is 
a general-purpose machine-learning potential, and the version that we 
used (NEP4) is trained with the following hyperparameters: cutoff 7 
4; n_max 12 8; basis_size 16 12; l_max 4 2 1; neuron 100; lambda_1
0; lambda_e 1; lambda_v 0.1; batch 8000; population 100; generation 
2e6 (see Ref. [31] for further details). The potential is trained on the 
GAP-20 dataset, which contains energies/forces computed using den-
sity functional theory (DFT) for diamond, graphite, fullerenes, carbon 
nanotubes, and amorphous carbon [32]. The thermal conductivity, 𝜅, is 
calculated using the EMD method, based on the Green-Kubo formulism: 

𝜅 = 1
3𝑉 𝑘𝐵𝑇 2 ∫

∞

0
⟨𝐉(𝑡) ⋅ 𝐉(0)⟩ 𝑑𝑡, (1)

where 𝐉 is the heat current, ⟨𝐉(𝑡) ⋅ 𝐉(0)⟩ is the HCACF, the angular 
bracket indicates the ensemble average (equal to the time average 
in EMD), V is system volume, 𝑘𝐵 is the Boltzmann constant, and 𝑇
is the temperature. 𝐉(𝑡) and 𝐉(0) denote the total heat current of the 
system at two time instants separated by a time interval 𝑡 [33,34]. The 
expression for the heat current (𝐉) in molecular dynamics simulations 
can be derived using the force and energy relations for each atom. The 
total heat current at an instant is given by the sum of the potential (𝐉p) 
and kinetic (𝐉k) parts of the heat current. 
𝐉 = 𝐉p + 𝐉k =

∑

𝑖
𝐉p𝑖 +

∑

𝑖
𝐉k𝑖 , (2)

The kinetic contribution 𝐉k arises from the motion of atoms carrying 
their individual energies and is given by: 
𝐉k𝑖 = 𝐯𝑖𝐸𝑖, (3)

where 𝐯𝐢, 𝐄𝐢 are velocity and total energy of atom i. The potential 
contribution 𝐉p originates from interatomic interactions and energy 
transfer through atomic forces and is defined as: 

𝐉p𝑖 = −1
2
∑

𝑗≠𝑖
𝐫𝑖𝑗

(

𝜕𝑈𝑖
𝜕𝐫𝑖𝑗

⋅ 𝐯𝑗 −
𝜕𝑈𝑗

𝜕𝐫𝑗𝑖
⋅ 𝐯𝑖

)

, (4)

where 𝐫𝑖𝑗 is the relative position vector between atoms 𝑖 and 𝑗, and 𝑈𝑖
and 𝑈𝑗 are the potential energies of the respective atoms. The potential 
part of the heat current can also be expressed in equivalent forms: 

𝐉p𝑖 = −
∑

𝐫𝑖𝑗
(

𝜕𝑈𝑖
𝜕𝐫

⋅ 𝐯𝑗
)

, (5)

𝑗≠𝑖 𝑖𝑗

2 
or equivalently, 

𝐉p𝑖 =
∑

𝑗≠𝑖
𝐫𝑖𝑗

( 𝜕𝑈𝑗

𝜕𝐫𝑗𝑖
⋅ 𝐯𝑖

)

. (6)

These expressions describe how energy is transferred microscopically 
through atomic motion and interatomic forces, forming the basis for 
evaluating thermal conductivity via the Green–Kubo formalism.

We simulated FAU and diamond with periodic boundary conditions 
with a timestep of 1 fs. All results are obtained for isotopically pure 
samples. For FAU, we employed a 3 × 3 × 3 simulation cell with a 
total of 4752 atoms, while for diamond we used 8 × 8 × 8 cell with 
4096 atoms. These simulation cell sizes are verified to result in size-
independent results. The change in obtained thermal conductivity is 
less than 5% on increasing the size to 4 × 4 × 4 for FAU and 9 × 9 × 9 for 
diamond. For equilibrating the structures, we employ NPT ensemble at 
0 GPa and 300 K for 2 ps, followed by NVE ensemble for another 2 ps. 
After equilibration, the production run is carried out using the NVE 
ensemble for 6 ps, during which the heat flux is recorded every five 
timesteps. The reported thermal conductivity is obtained by averaging 
over 25 seeds with random initial velocity using a correlation length of 
400 ps. On varying the number of seeds between 15 and 40, the changes 
in thermal conductivity remain at 5% for both FAU and diamond.

The phonon dispersions are obtained using the frozen phonon ap-
proach with supercell sizes of 3 × 3 × 3 and 6 × 6 × 6 for FAU and 
diamond. The harmonic force constants are obtained using the finite-
difference approach with a step size of 0.005 Å and the interaction 
cut-off of ∼14 Å. Vibrational density of states (DOS) is calculated 
from the velocity autocorrelation function with 200 correlation steps. 
The amorphous counterparts of FAU and diamond (named as a-FAU 
and a-diamond, respectively) are generated using the melt-quench 
method [18]. For this, the crystalline system is first melted at a tem-
perature of 15000 K for 30 ps, resulting in an extremely disordered 
structure. Next, the system is cooled to 1000 K with a cooling rate of 
100 K/ps followed by annealing for 1 ns. Finally, the system is cooled 
to 300 K at a rate of 100 K/ps. All temperatures are controlled using 
the Berendson thermostat along with NVT ensemble. The final structure 
is obtained by an equilibration run of 2 ns using NVT ensemble to 
remove high-energy artifacts and reach a stable state (Fig.  1(c)). For 
the melt-quench method, the coordination cutoff is set at 1.85 Å.

3. Results

We start by first testing the validity of NEP potential for carbon-
based systems. For this, we investigated thermal transport in crystalline 
diamond (100% sp3 bonds) and graphene (100% sp2 bonds). For crys-
talline diamond, we also carried out simulations by using the commonly 
employed Tersoff potential used to model sp3 carbon [35].

The phonon dispersions obtained using NEP and Tersoff potentials 
for crystalline diamond are compared against experimental measure-
ments in Fig.  2(a). As can be seen from the figure, while both poten-
tials are able to capture overall phonon dispersion qualitatively, the 
Tersoff potential results in stiffened phonon dispersion compared to 
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Fig. 2. (a) Phonon dispersion and DOS for diamond; experimental data points are taken from Ref. [36], (b) Phonon dispersion and DOS for FAU, obtained using 
GPUMD.
Fig. 3.  (a) Phonon lifetimes and (b) Grüneisen parameters for diamond, computed using the BTE-based lattice dynamics approach, with interatomic forces 
computed Tersoff potential and NEP.
experiments: the obtained sound speed (phonon group velocity of lon-
gitudinal acoustic phonons in the long wavelength limit) is 16.3 km/s 
from the NEP potential compared to 18.7 km/s from the Tersoff po-
tential. With NEP potential, the agreement between experiments and 
computations is excellent. For instance, at the 𝛤 -point, the computed 
phonon frequency of the optical phonon is 37.1 THz and 47.4 THz from 
NEP and Tersoff potential compared to 39.85 THz from experiments.

Next, we calculate the thermal conductivity of crystalline diamond 
using NEP and Tersoff potentials. We find that even though the Tersoff 
potential results in stiffer phonons compared to the NEP, the thermal 
conductivity obtained using Tersoff is 1533 ± 445 W/m-K, compared to 
more than 2348 ± 926 W/m-K from NEP (the uncertainties are obtained 
as standard deviations from 25 seeds). To understand this, we compute 
the phonon relaxation time by considering the three-phonon scattering, 
using the Boltzmann transport equation (BTE) approach with classical 
phonon statistics. For this, we used 20 × 20 × 20 phonon wavevector 
grid and limited the cubic force constants interaction cutoff to 4 Å. As 
shown in Fig.  3(a), the phonon relaxation times obtained using the 
Tersoff potential are lower than those from the NEP potential. This 
is a direct consequence of the stronger anharmonicity of the Tersoff 
potential, as is reflected in the Grüneissen parameter in Fig.  3(b). The 
obtained heat capacity weighted mode-averaged Grüneissen parameter 
is 0.99 using the Tersoff potential, as compared to 0.71 from NEP 
calculations. We also calculated the thermal conductivity of crystalline 
3 
diamond using the BTE approach and compared the results obtained 
from the NEP potential with those from DFT-based forces. We find that 
at 300 K, the thermal conductivity obtained from the NEP and DFT-
based forces is within 5%, thus establishing the validity of the NEP 
potential in describing thermal transport physics in sp3 carbon systems. 
Similarly, we also computed the thermal conductivity of graphene using 
the NEP potentials and compared them against the DFT-based results. 
We find that the graphene basal-plane thermal conductivity obtained 
using the NEP potential and DFT is within 5%, thus validating the NEP 
potential for studying thermal transport properties of both sp3- and sp2- 
bonded carbon systems.

Moving ahead, we next compute thermal transport properties of 
FAU and report phonon dispersion in Fig.  2(b) and thermal conductivity 
in Fig.  4(d). We note that due to a large number of atoms in the 
unit cell of FAU, it is not possible to compute thermal conductivity 
via the BTE approach. As such, the thermal conductivity of FAU is 
obtained using only the EMD approach with the NEP potential. As can 
be seen from Fig.  2(b), while the phonon dispersion of FAU is much 
more complex than that of diamond due to 176 atoms in the unit 
cell, the maximum phonon frequency is similar in FAU and diamond. 
The speed of sound is much lower in FAU (10.6 km/s) compared 
to that in diamond (18.7 km/s). Further, the DOS for low-frequency 
phonons in FAU is much higher than that in diamond, suggesting many 
possibilities of satisfying phonon scattering selection rules and hence, 
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Fig. 4. (a) Normalized HCACF and (b) the corresponding integrated thermal conductivity as a function of correlation time for crystalline diamond. (c) Normalized 
HCACF and (d) the corresponding integrated thermal conductivity for crystalline FAU. The grey lines represent results from independent random seed simulations, 
while the solid red and blue lines denote the averages over 25 seeds for diamond and FAU, respectively.
Fig. 5.  (a) Radial distribution function g(r) of diamond, FAU, a-diamond and a-FAU (b) HCACF of crystalline FAU (Fig.  4(c)); the inset illustrates the HCACF 
corresponding to the amorphous FAU structure.
more phonon-phonon scattering in FAU compared to diamond. This is 
indeed reflected in the thermal conductivity reported in Fig.  4(b,d), 
where the obtained thermal conductivity of FAU is 5.43 ± 2.12 W/m-K 
compared to 2348 ± 926 W/m-K for diamond using the same potential. 
The HCACF for diamond and FAU are presented in Figs.  4(a) and 4(c). 
For diamond, the HCACF decays monotonically (with small oscilla-
tions) to zero around 100 ps, while for FAU, the HCACF has more 
oscillations and decays quickly to zero before 30 ps. This behaviour 
of HCACF in FAU is similar to that of amorphous materials [34,37], 
which is also reflected in the final obtained thermal conductivity of 
5.43 ± 2.12 W/m-K, which matches with experimentally reported value 
4 
for fullerene-derived HC [26] and falls in the range of disordered 
carbon values. It is worthwhile to note that the direction-averaged 
mean square displacements in FAU (0.008 Å2) are higher than those in 
diamond (0.002 Å2), suggesting that the thermal conductivity of FAU is 
lower due to the combined effect of reduced phonon group velocities, 
stronger anharmonicity, and larger phonon scattering phase space.

To place the thermal conductivity of FAU in context with other 
carbon allotropes, we compare it with previously reported results ob-
tained using EMD/HNEMD within the GPUMD framework. Graphene 
exhibits extremely high thermal conductivity of ∼2812–2960 W/m-K, 
while other sp2 carbon allotropes show comparatively lower values. 
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For example, pentaheptite and the biphenylene network have reported 
thermal conductivities of ∼342–375 W/m-K and ∼208–229 W/m-K, 
respectively [38]. Likewise, the quasi-tetragonal phase C24 monolayer 
exhibits a thermal conductivity of ∼272 W/m-K [39]. In fullerene-
based networks, Dong et al. reported thermal conductivity values of 
∼109 W/m-K (𝑥-direction) and ∼138 W/m-K (𝑦-direction) for quasi-
hexagonal buckyball framework, whereas bulk phase fullerene is re-
ported to have an ultralow thermal conductivity of ∼0.45 W/m-K [40]. 
The thermal conductivity computed for FAU from our simulations lies 
within the broader range of values observed across carbon allotropes.

3.1. Disordered FAU and diamond

We next investigate thermal transport in amorphous carbon by 
converting both FAU and diamond into their amorphous counterparts 
(a-FAU and a-diamond) and computing their thermal conductivities 
to examine whether the behaviour observed in the crystalline state 
is retained in the disorder-dominated regime. The hybridization and 
radial distribution function (RDF) for a-FAU is presented in Fig.  1(b) 
and 5(a). Our analysis shows that the pore distribution in a-FAU 
produces a homogeneous atomic network. In a-FAU, the proportion of 
sp2 orbital hybridization decreases to ∼75% relative to the crystalline 
phase, with the remaining ∼25% corresponding to sp hybridization 
(Fig.  1(b)). In contrast, a-diamond exhibits only a minimal change in 
its bonding configuration, with sp3 hybridization reduced by just 5% 
from that of the crystalline structure.

For crystalline diamond, the RDF shows sharp peaks at regular 
intervals as seen in Fig.  5(a), indicating long-range periodic interac-
tions among atoms. In contrast, crystalline FAU displays reduced peak 
intensities in the RDF, revealing comparatively weaker short-range in-
teractions. The nearest-neighbour distance in diamond is approximately 
1.55 Å, whereas in crystalline FAU it is shorter (∼ 1.43 Å), which can be 
attributed to the presence of sp2 hybridization. In both a-diamond and 
a-FAU, the long-range peaks in the RDF either broaden significantly or 
vanish, reflecting the loss of periodicity and the increase in structural 
disorder. Notably, beyond the second peak, the RDF of crystalline FAU 
resembles that of amorphous structures. This indicates a coexistence 
of short-range crystalline ordering with long-range amorphous-like be-
haviour, which aligns with its lower thermal conductivity relative to 
diamond. The computed thermal conductivity of a-diamond at 300 K is 
9.8 ± 4.29 W/m-K, which is nearly two orders of magnitude reduction 
relative to their crystalline counterpart. In our a-diamond sample, the 
density is 3.53 g/cm3, and the sp3 fraction is 95%. Moon et al. reported 
a thermal conductivity of ∼8.52 W/m-K for a-diamond with a density of 
3.5 g/cm3 and 90% sp3 hybridization, which increases to 10.11 W/m-
K when both density and sp3 concentration are higher [18]. The small 
difference between our calculated value and the reported data arises 
primarily from variations in density and sp3 content.

The thermal conductivity of a-FAU decreases to 1.48 ± 0.50 W/m-
K, accompanied by a reduction in sp2 content to ∼75% and increased 
structural disorder. The RDF of a-FAU confirms the loss of medium- and 
long-range order beyond the first coordination shell, indicating a transi-
tion towards a more amorphous-like network. This increased disorder 
improves phonon scattering, suppresses phonon group velocities, and 
shortens effective phonon lifetimes, as reflected by the rapid decay of 
the HCACF (inset of Fig.  5(b)) compared to crystal FAU. Consequently, 
thermal transport in HC becomes increasingly dominated by diffusive 
vibrational modes, similar to a-diamond, despite differences in bonding 
character and density. These results highlight that in HC, structural 
disorder and hybridization state jointly govern thermal conductivity, 
leading to amorphous-like heat transport behaviour even in a nominally 
crystalline framework.
5 
4. Concluding remarks

In this study, we investigated the thermal transport properties of 
FAU and the role of structural disorder in the thermal transport prop-
erties using molecular dynamics simulations with NEP. We find that 
being crystalline in nature, the thermal conductivity of FAU lies in 
the range of thermal conductivity of amorphous carbons as a result of 
reduced phonon group velocities, stronger anharmonicity, and larger 
phonon scattering phase space. In addition, the role of structural dis-
order is confirmed by the RDF and HCACF analysis. Both indicate a 
clear reduction in thermal conductivity compared to the crystalline 
counterpart. This reduction arises from the loss of medium- and long-
range order in the amorphous structures. The extent of this disorder is 
further influenced by changes in the hybridization states. Our findings 
on HC, which is porous and structurally heterogeneous despite being 
nominally crystalline, are consistent with the broader understanding of 
heat transport in low-density, disordered carbon.

In general, this work provides a systematic understanding of how 
structural disorder influences thermal transport in HC and related 
amorphous carbon structures. The results highlight the role of the 
bonding configuration and loss of long-range order in governing ther-
mal conductivity. These insights help clarify the thermal behaviour of 
structurally complex carbon systems and can inform future efforts to 
optimize carbon-based electrodes for thermal management in battery 
applications.
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