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ABSTRACT

The thermal conductivities of single-/bi-layer graphene and bulk-graphite are obtained using the Boltzmann transport equation (BTE)
framework by accounting for three-phonon and four-phonon scatterings. For single-layer graphene, the thermal conductivity and inter-
atomic force constants obtained using temperature-independent finite-difference, and temperature-dependent molecular dynamics-based
approaches agree with each other. The use of the thermal snapshot approach to get temperature-dependent force constants results in a non-
physical description of interatomic distances for single-layer graphene. The predicted thermal conductivity at room temperature using
finite-difference based force constants is 800W/mK, which is a severe under-prediction of experimentally measured values. For bi-layer gra-
phene and bulk graphite, the thermal snapshot methodology is applicable and thermal conductivity changes by 25% and 5% with tempera-
ture-dependent force constants. The effect of four-phonon scattering is less than 10% on the predicted thermal conductivity of bi-layer
graphene and graphite, and the obtained thermal conductivities using thermal snapshot methodology are in agreement with the literature.
The limitation in the prediction of thermal conductivity of single-layer graphene via the BTE approach stems from non-accountability of
temperature-dependence in finite-difference based force constants and non-physical description of interatomic bonds in thermal snapshot
based force constants extraction for planar 2-atoms unitcell of single layer graphene.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0152112

I. INTRODUCTION

Graphene has the highest thermal conductivity among all mate-
rials with measured room temperature values of 1500–5000W/mK1–3

for freely suspended samples, 600W/m K for supported samples,4

and 2200–4400W/mK for isotopically modified samples.5 Along
with challenges in experimental measurements, this large spread in
measured thermal conductivity depending on the sample size,
support, defect, etc. (along with high reported values in the range
of 1500–5000W/mK) suggests weak intrinsic heat carrier
(phonon) scattering. Earlier atomistic calculations based on the
iterative solution of the Boltzmann transport equation (BTE) sup-
ported these findings, and phonon–boundary scattering was found
necessary to obtain the converged thermal conductivity for freely
suspended graphene.6,7 In particular, calculations suggested the

non-scattering of flexural acoustic phonons via three-phonon pro-
cesses owing to out-of-plane crystal symmetry.6 With advances in
computations, which now allow for the possibility of including
four-phonon scattering processes,8–11 however, this original under-
standing is challenged and flexural modes are found to undergo
scattering along with an accompanied fourfold decrease in the pre-
dicted thermal conductivity (and therefore, under-prediction of the
experimentally measured values by a factor of 4–5).12

Additionally, the predicted thermal conductivity from the
BTE-based approach with four-phonon scattering also falls short of
that obtained from classical molecular dynamics simulations, even
after accounting for quantum corrections and employing the same
interatomic force field.12,13 Analysis by Gu et al. suggested that this
under-prediction of thermal conductivity with the inclusion of
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four-phonon scattering in the BTE approach is due to the use of
zero temperature sampling of the potential energy surface (based
on finite-difference based force constants) and with temperature-
dependent force constants (using the stochastic thermal snapshot
technique14), the thermal conductivity increases by 50%.13 The
strong temperature-dependence of interatomic interactions in gra-
phene at room temperature is puzzling as, on the one hand, gra-
phene has strong carbon–carbon sp2 bonds with an extremely high
Debye temperature of �2000 K,15 and on the other hand, the freely
suspended graphene is debated to have large ripples arising from
thermal fluctuations,16 potentially resulting in large atomic dis-
placements (and hence, strong temperature-dependence of the
potential energy surface). In the latter case, however, the validity of
the available force constants extraction methodology (via the
Taylor-series fit to force–displacement data around periodic equi-
librium atomic positions) is questionable.

There is, therefore, a need to re-examine the validity of inter-
atomic force constants in describing the thermal transport proper-
ties of freely suspended graphene and layered materials.

In this work, we revisited different interatomic force constants
extraction methodologies for the BTE-based thermal conductivity
prediction of graphene. We use the (i) finite-difference
(temperature-independent), (ii) thermal snapshot (temperature-
dependent), and (iii) molecular dynamics (temperature-dependent)
driven force constants. We considered both three-phonon and
four-phonon scatterings and investigated thermal transport in
single-bi-layer graphene and bulk graphite. We find that for single-
layer graphene, the force constants and thermal conductivities
obtained from finite-difference and molecular dynamics-based
approaches are in perfect agreement with each other. However,
since the computational cell employed for force constants extrac-
tion is relatively small in molecular dynamics simulations, the
obtained thermally perturbed graphene structures are ripple-free.
On the other hand, with the thermal snapshot technique, while the
structural ripples are captured even with relatively small computa-
tional cells, the obtained thermal displacements are more than 2–
3 Å in the cross-plane direction, thus limiting the use of
Taylor-series fitting for force constant extraction and destroying
the lattice periodicity. Furthermore, due to the decoupling of flex-
ural and basal-plane modes in single-layer graphene, these large
cross-plane displacements get manifested in erroneously large bond
lengths ranging up to 2.5 Å (compared to equilibrium bond length
of 1:45 Å). These non-physical bond lengths are present only in
single-layer graphene and with the introduction of another layer in
bi-layer graphene, all obtained bond lengths are less than 1:6 Å
using the thermal snapshot methodology.

In the following, we start with thermal transport methodol-
ogy and discuss different interatomic force constants extraction
methodologies in Sec. II and related computational details in
Sec. III. In Sec. IV, we start with the results for thermal transport
in single-layer graphene using the relaxation time approximation
of the BTE and discuss the effect of different force constant
extraction methodologies on the predicted thermal conductivity.
Later, we include results using the iterative solution of the BTE
for all three of single-/bi-layer graphene and bulk graphite. In
Secs. V and VI, we end by presenting our takeaway conclusions
from this study.

II. METHODOLOGY

While the full details regarding the calculation of thermal con-
ductivity from BTE can be found elsewhere,8,17 the thermal con-
ductivity, kph, is obtained as

kαph ¼
X
i

c ph,iv
2
ατ

α
i , (1)

where the summation is over all the phonon modes in the
Brillouin zone enumerated by i ; (q, ν), where q and ν are
phonon wavevector and mode index, and c ph,i, vα , and ταi repre-
sent phonon specific heat, group velocity (α-component), and
transport lifetime, respectively. The transport lifetimes are
obtained by considering phonon–phonon scattering via three-
and four-phonon scattering processes and phonon–boundary
scattering corresponding to a characteristic length scale, Lbdry ,
of 9 μm, i.e., 1=τbdry ¼ Lbdry=jvj.

The computation of phonon mode properties (heat capacity,
group velocity, three-phonon, and four-phonon scattering rates)
requires harmonic, cubic, and quartic interatomic force constants.8

For stiff materials with high Debye temperature, these required
interatomic force constants can be obtained from finite-difference
of forces obtained by displacing one or more atoms from their
equilibrium positions. The force constants obtained using this
approach [labeled as finite-difference (FD)] correspond to the equi-
librium positions of atoms and do not account for temperature
dependence arising from the thermal perturbations of atoms.

FIG. 1. The BTE predicted thermal conductivity of single-layer graphene as
obtained using (a) RTA approximation with IFCs obtained from finite-difference
(FD), thermal snapshot (TS), and molecular dynamics (MD) approaches, and
(b) iterative/full solution with IFCs from the FD approach. The effect of broaden-
ing and renormalization is presented in (a) for FD- and MD-based IFCs. All
thermal conductivities are obtained at 300 K using optimized Tersoff interatomic
interactions by accounting for three-phonon and four-phonon scatterings for a
sample size of 9 μm.
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Alternatively, the atoms can be thermally perturbed in compu-
tational cells according to14,18,19

uαb,l ¼
1ffiffiffiffi
N

p
X
qν

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�h(nqν þ 1)

mbωqν

s
cos (2πη1,qν)

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� ln (1� η2,qν)

q
~eαb,qνe

iq�r0l , (2)

where uαb,l is the thermal displacement of atom b in the lth
unit-cell in the α-direction from its equilibrium position rbl , mb

is the mass of atom b in the unit-cell, nqν is the Bose–Einstein
distribution corresponding to temperature T , �h is the reduced
Planck constant, ωqν and eqν are phonon vibration frequency
and eigenvector, and η1,qν and η2,qν are random numbers
sampled from a uniform distribution and constrained by
η1,qν ¼ η1,�qν and η2,qν ¼ η2,�qν . The forces, Fα

i , acting on these
thermally perturbed computational cells relate to potential
energy, U , as

Fα
i ¼ � @U

@uαi
, (3)

and U can be expanded using the Taylor series as

U ¼ U0 þ
X
i

Πα
i u

α
i þ

1
2!

X
ij

Φαβ
ij u

α
i u

β
j

þ 1
3!

X
ijk

Ψαβγ
ijk uαi u

β
j u

γ
k þ

1
4!

X
ijkl

Ξαβγδ
ijkl uαi u

β
j u

γ
ku

δ
l

þ O u5
� �

,

(4)

with Φαβ
ij , Ψ

αβγ
ijk , and Ξαβγδ

ijkl representing the harmonic, cubic, and
quartic interatomic force constants. Thus, the finite-difference
method can be used to obtain harmonic force constants and phonon
eigenspectrum to generate thermally populated computational cells
via Eq. (2). The forces obtained on these thermally populated cells
can be employed to do force–displacement dataset fitting via Eqs. (3)
and (4) to extract the cubic and quartic force constants (after remov-
ing the contribution of harmonic force constants from the forces).
The force constants obtained using this process [labeled as thermal
snapshot (TS)] are temperature-dependent.

Finally, instead of using Eq. (2), the thermally populated
computational cells can be sampled from molecular dynamics
simulations, and the resulting force–displacement dataset can
again be fitted using Eqs. (3) and (4) to extract the desired
force constants. The force constants obtained using this
method are labeled as molecular dynamics (MD) and are
temperature-dependent.

It is worthwhile to emphasize that in MD methodology, the
force constants are extracted from the actual molecular dynamics
simulations trajectories which does not allow over-/under-stretching
of interatomic bonds. As such, large out-of-plane displacements
of atoms from their equilibrium planar positions (rippling) are
obtained only in relatively large graphene flakes (consisting of

.100–1000 unitcells). In the TS method, however, the atomic dis-
placements are obtained by summing over all eigenmodes. As such,
the rippling is possible even in relatively small unitcells if the con-
tribution of flexural (rippling) modes is dominant.

FIG. 2. The comparison of (a) cubic and (b) quartic IFCs as obtained from MD
and TS approaches against those from the FD approach for single-layer graphene.
Only unique (symmetry-unrelated) IFCs are included. The extracted cubic IFCs are
similar from all approaches, and while the extracted quartic IFCs are still similar
from MD and FD approaches, they are scattered from the TS approach.
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III. COMPUTATIONAL DETAILS

To stay consistent with previous literature studies, we
employed optimized Tersoff potential to determine interatomic
interactions in graphene.6 Unless specified otherwise, the force con-
stants are extracted using 288 atom computational cells obtained
from 12� 12� 1 repetition of the two atoms primitive cell. The
interaction cutoffs are set to 2nd nearest neighbor shell for all force
constants (note that all interactions are zero beyond the 2nd
nearest neighbor shell for the Tersoff interatomic potential). For
the calculation of force constants using the FD method, one or
more atoms are displaced by 0:0025 Å from their equilibrium posi-
tions in the required directions. For TS and MD methods, 100
thermal configurations are employed, resulting in 43 200 force–
displacement equations for 175 symmetry-unrelated unknown
force constants. For the MD method, the molecular dynamics
simulations are performed using LAMMPS package20 with a time
step of 1 fs, where starting with the relaxed structure, atoms are
initially allowed to equilibrate at 300K using the NVT ensemble for
1� 106 time steps. Subsequently, atoms are allowed to evolve

under the NVE ensemble for another 1� 106 time steps, and struc-
tural snapshots are dumped every 5000 steps. The phonon scatter-
ing rates are obtained using the phonon wavevector grid of size
40� 40� 1 (same as that employed in Refs. 12 and 13), and the
energy conservation delta functions in the calculation of phonon
scattering rates are replaced by Gaussians with scattering-process
dependent adaptive broadening as described in Ref. 21 The layer
thickness of graphene is taken as 3:4 Å, and all reported results are
for a temperature of 300 K.

For bi-layer graphene and bulk-graphite, the interlayer interac-
tions are described using the Lennard-Jones interaction.22 The
phonon scattering rates are obtained using wavevector grids of size
28� 28� 1 and 12� 12� 10 for bi-layer graphene and graphite,
respectively. These grids result in a similar number of
wavevector-atoms as that in 40� 40� 1 grid single-layer graphene.
The thermal conductivity obtained using the RTA solution of BTE
with only three-phonon scattering varies by less than 15% in increas-
ing the phonon wavevector grid from 12� 12� 10 to 24� 24� 16
for graphite.

For obtaining bond lengths from molecular dynamics simula-
tions, we employed the non-equilibrium method by applying a
small temperature difference (60 K) across the 1 μm length sample.
The sample is subjected to periodic boundary condition in the per-
pendicular direction. We started with a 0 K structure and heated
the structure to 300 K for 500 ps using a time step of 0.5 fs in the
NPT ensemble. Subsequently, the two ends of the sample are main-
tained at 330 and 270 K using the Nosé–Hoover thermostats, and
the system is allowed to equilibrate under the NVT ensemble for
3000 ps. Finally, the simulation is run for additional 6 000 000 time
steps during which bond lengths are sampled from the central
region with linear temperature profile. We note that we used
molecular dynamics simulations only to sample the interatomic
bond lengths and force constants, i.e., we do not report any
thermal conductivity obtained directly using molecular dynamics
simulations.

IV. RESULTS

The thermal conductivity of isotopically pure single-layer gra-
phene as obtained using different force constants extraction meth-
odologies using relaxation time approximation (RTA) solution of
the BTE is reported in Fig. 1(a). Using the FD approach, we obtain
thermal conductivity of 315W/mK, which is in close agreement
with that reported by Feng and Ruan.12 In our calculations, we
approximated energy conservation delta functions by Gaussians
with adaptive broadening,23 and we find that thermal conductivity
changes by less than 5% on scaling the employed broadening
amount by a factor of 5. The change is more when the broadening
function is replaced by Lorentzians of similar widths but is less
than 15% for all considered cases.

When the temperature-dependent force constants as obtained
using the thermal snapshot technique are used, the thermal con-
ductivity increases by more than a factor of 3 in comparison to the
value from the finite-difference approach, which is consistent with
the results of Gu et al.13 However, the obtained thermal conductiv-
ity is not converged and varies vary drastically with the size of the
computational cell employed to extract the force constants. This is

FIG. 3. The distribution of (a) interatomic bond lengths and (b) layer thickness
in supercells obtained using the thermal snapshot and molecular dynamics
approaches. The bond length distribution as obtained from molecular dynamics
simulations of 1 μm graphene flake (with ripples) is also included in (a) in green
for comparison. Due to the decoupling of flexural and basal-plane modes, the
bond lengths range up to 2:5 Å from the TS approach.
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despite ensuring over-specified systems with at least 100 times
more equations than the number of unknown force constants. In
contrast, when molecular dynamics simulations based force con-
stants are used, the obtained thermal conductivity is converged and
is within 3% of that obtained from the finite-difference method.

To understand the origin of this over-prediction and non-
convergence of thermal conductivity by the thermal snapshot tech-
nique, we plot the bare cubic and quartic, symmetry-unrelated
force constants as obtained using different methodologies in Fig. 2.
We find that the cubic and quartic force constants obtained from
the molecular dynamics simulation data are similar to those
obtained using the finite-difference method. For the thermal snap-
shot technique, while the cubic force constants are still similar to
those obtained using the finite-difference method, the quartic
counterparts are more scattered and are highly dependent on the
computational supercell size. We hypothesize that this scattering of
quartic force constants via the thermal snapshot technique is an
outcome of the over-stretching of bonds owing to weak vibration
frequencies of flexural modes [see Eq. (2)]. We tested this by plot-
ting the distribution of bond lengths as obtained via the thermal
snapshot technique and molecular dynamics-based methods in
Fig. 3(a) (for the finite-difference based method, all bond lengths
are fixed at 1:44 Å).24 For comparison, we also sampled bond
lengths from molecular dynamics simulations on 1 μm length

sample subjected to NVT ensemble at 300 K, which has large
ripples.

We find that the bond lengths in molecular dynamics trajecto-
ries range up to 1:5 Å. For the thermal snapshot technique, the
range is much larger, with bonds stretching up to 2:5 Å. This over-
stretching of bonds via the thermal snapshot technique is nonphys-
ical and is due to the failure of the thermal snapshot technique for
decoupled flexural and basal-plane modes, as is the case for gra-
phene. In particular, the thermal displacements of atoms via
Eq. (2) (which are obtained by summing over all modes) are decou-
pled in the flexural and basal-plane directions. Owing to weak
vibration frequencies of flexural modes, the obtained thermal dis-
placements are large in the cross-plane direction (independent of
in-plane direction), thus resulting in excessive bond stretching.
This is confirmed in Fig. 3(b) where the thickness of 12� 12� 1
graphene sheets is reported and is found to vary between 1 and 3 Å
for thermal snapshot-based configurations as opposed to 0.5–1 Å
in molecular dynamics simulations.

For single-layer graphene, since the thermal snapshot method
results in non-physical bond lengths, we predicted thermal conduc-
tivity only using the finite-difference based force constants. Using
the iterative solution of the BTE, our predicted thermal conductiv-
ity is 796W=mK, which agrees with the value of 810W=mK
reported by Feng and Ruan12 using the same approach. However,
this value is a severe under-prediction of experimentally measured
values.1–3,5,16

To test, if this under-prediction of thermal conductivity is due
to phonon renormalization, we used (i) real space harmonic force
constant renormalization based on quartic force constants (corre-
sponding to infinite summation of loop diagrams)9 and (ii) bubble
and loop shifts based on Dyson’s approach.23 We find that while
the thermal conductivity increases with both approaches, the
change is less than 25% [Fig. 1(a)], which is insufficient in explain-
ing the factor of three-five difference in the BTE predicted thermal
conductivity as compared to the experimental measurements.

While the above analysis establishes that the thermal snapshot
technique-based interatomic force constants are non-physical for
single-layer graphene, its applicability for bi/multi-layer graphene
and graphite is also unclear. To test for this, we report the distribu-
tion of interatomic bond lengths as obtained using the thermal
snapshot technique-based snapshots for bi-layer graphene and
graphite in Fig. 4(a). We find that the bond lengths vary only up to
1:6 Å in bi-layer graphene and graphite using the thermal snapshot
technique though the variation is up to 2:5 Å in graphene using the
same technique. Further, the obtained temperature-dependent
cubic and quartic interatomic force constants from thermal snap-
shot technique are similar to those obtained using the finite-
difference approach [see Figs. 4(b) and 4(c)], thus suggesting the
negligible effect of temperature-dependent force constants on the
predicted thermal conductivity.

For bi-layer graphene, the effect of temperature-dependent
force constants is significant and the thermal conductivity increases
by more than 25% with thermal snapshot based force constants
using the RTA solution of the BTE and three-phonon scattering
[Fig. 5(a)]. For graphite, temperature has negligible effect on force
constants and the predicted difference in thermal conductivity is
less than 5% when thermal snapshot approach is used opposed to

FIG. 4. (a) The distribution of interatomic bond lengths in supercells obtained
using the thermal snapshot approach for single- and bi-layer graphene and
graphite. The comparison of (b) cubic and (c) quartic IFCs as obtained from the
TS approach against those from the FD approach.
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the finite-difference approach for the extraction of force constants.
This is consistent with relatively large thermal mean square dis-
placements of atoms in the flexural direction for bi-layer graphene
compared to that in graphite (0:04 Å

2
for bi-layer graphene com-

pared to 0:01 Å
2
for graphite).

For both bi-layer graphene and graphite, the four-phonon
scattering has a little effect on the thermal conductivity and the
obtained thermal conductivity decreases by less than 10% using the
RTA solution of the BTE and thermal snapshot technique-based
force constants [Fig. 5(a)]. With iterative solution of the BTE, the
obtained thermal conductivities are 2700 and 2000W=mK for
bi-layer graphene and graphite. Note that these thermal conductivi-
ties are obtained without considering phonon–isotope scattering
and is expected to decrease by 10%–15% for naturally occurring
samples with C-13 isotopes, thereby bringing the final thermal con-
ductivities in excellent agreement with the literature.25

V. DISCUSSION

The BTE method is a very powerful tool to predict the
thermal conductivity of materials. The accuracy of predicted
thermal conductivity depends on the interatomic force constants.
In the particular case of single-layer graphene, due to the presence
of low-frequency flexural modes, the atoms are displaced from
their 0 K equilibrium planar positions by more than a few Å at
non-zero temperatures. Because of such large displacements of
atoms from their 0 K equilibrium position, it is necessary to
include temperature-dependence effects in the extraction of force

constants. This is indeed observed by Gu et al.13 where the thermal
conductivity was found to increase significantly with temperature-
dependent force constants for single-layer graphene in comparison
to results presented by Feng and Ruan.12 The employed methodol-
ogy for the extraction of temperature-dependent force constants by
Gu et al. is, however, thermal snapshot technique which results in a
over stretching of interatomic C–C bonds to 2–3 Å for single layer
graphene and is, therefore, non-physical. Further, the force con-
stants are extracted using the Taylor-series force–displacement
data-fitting in thermal snapshot technique, which itself is question-
able for large atomic displacements of a few Å. Both of these con-
cerns are potentially addressable by using a large unitcell in BTE
calculations where the equilibrium positions of atoms is rippled/
displaced structure and interatomic force constants are extracted
about these rippled/displaced equilibrium positions. However, such
unitcell will have several hundred atoms to correctly capture the
rippled structure and is beyond the scope of currently available
computational resources. As such, it is not possible to conclude the
effect of temperature-dependent force constants on the predicted
thermal conductivity of single layer graphene via the BTE method
using current computational resources. Finally, we emphasize that
the obtained non-physical description of interatomic bonds via the
TS method is due to decoupled basal-/flexural modes with quar-
datic dispersion in graphene. Since these characteristic are due to
planar structure of graphene, they are expected to be present for all
planar materials (such as flat hexagonal boron nitride) independent
of the employed interatomic interaction approach (density func-
tional theory vs empirical forcefields).

VI. CONCLUSIONS

To summarize, the thermal conductivities of single-/bi-layer
graphene and graphite are obtained by considering the
three-phonon and four-phonon scatterings in the Boltzmann trans-
port equation (BTE) framework with temperature-independent and
temperature-dependent interatomic force constants. While the
temperature-independent finite-difference based force constants
result in a correct description of interatomic distances, they are not
able to capture the rippled non-planar structure of single-layer gra-
phene at non-zero temperatures and results in a severe under-
prediction of experimentally measured thermal conductivity. On
the other hand, while the thermal snapshot technique for
temperature-dependent force constant extraction results in rippled
structures for single-layer graphene, the obtained C–C bond
lengths are non-physical. The correct description of temperature-
dependent force constants via the thermal snapshot technique
requires much larger non-planar/rippled unitcells for single-layer
graphene, for which thermal conductivity predictions via BTE are
not possible using current computational resources. As such, the
literature reports on the effect of temperature on interatomic force
constants of single layer graphene require further consideration.
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